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PREFACE. 



This Introduction to the Study of Theoretical and 
Applied Mechanics contains exact but simple demon- 
strations of all the propositions usually given in similar 
elementary treatises, with numerous experimental illus- 
trations and practical applications. It is divided into 
sections, which are to a great extent independent. 
Each section is followed by a collection of examples, 
either original or taken from examination papers. 

It is not necessary that all the chapters should be 
taken in order ; they may be conveniently divided into 
three courses :— 

I, The First, corresponding to the requirements 
for Matriculation at the University of London, requires 
a knowledge of Algebra to Simple Equations, and of 
the Geometry of Triangles and Circles ; and includes 
the following paragraphs : — 

Statics.— 1 to 20; 24 to 26 ; 37, 40, 41, 42, 44 ; 
53 to 58 ; 64 to 67; 70 to 74 ; 77, 78 ; 80 to 91. 

Dynamics.— 1 to 7; 13, 15 ; 18 to 22 ; 30 to 36. 

IL The Second course, answering to the curriculum 
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for the First B.Sc. and Preliminary Scientific Examina* 
tions, assumes a knowledge of Algebra to Quadratic 
Equations, and the principal properties of triangles, 
circles, and similar figures. The following paragraphs 
should be omitted in this course : — 

95 to 101 ; 25 to 30; and 53 to the end. 

III. The Third is the Second B.A. and B.Sc. course, 
and requires Trigonometry to the Solution of Triangles, 
and the Simpler Properties of the Conic Sections. 

In each course the new facts will be the more easily 
remembered from their association with what has been 
read before. 

The last section contains all the questions on the 
subject given in the Pass Examinations of the London 
University during the last seven years, with either a 
reference to the paragraphs which contain the answers, 
or (in the case of problems) the answers them- 
selves. Complete solutions are appended to the more 
difficult problems. 

The methods adopted in some parts of the work, as, 
for example, in the chapters on the Centre of Gravity 
and on the Motion of a Particle, are different from 
those of other similar treatises. The problem to find 
the Centre of Gravity of a triangle is thus treated : — 
First it is shown that the C. G. of a parallelogram is 
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the point of intersection of the diagonals, by means of 
the geometrical fact that any two lines through this 
point include figures which are equal in every respect, 
and such that corresponding points in them are equally 
distant from the centre and in the same straight line 
with it; consequently, wherever the C. G.s of these 
figures may be, the line joining them is bisected by 
the centre. This point is therefore the Centre of 
Gravity of each pair of figures included by the two 
straight lines, and therefore it is the C. G. of the 
whole parallelogram. This result is used in the case 
of a triangle by constructing in the triangle paral- 
lelograms with sides parallel to the base and to the 
straight line from the apex to the middle of the base. 
All the parallelograms, however great their number, 
have their 0. G.s in the median line, and therefore the 
triangle to which they approach, as their number is 
increased, has its C. G. in this line. 

The usual plan is to avoid the express use of the 
principle of limits by calling upon the student to 
imagine the triangle to be made up of straight lines ; 
but he has been taught to regard such lines as things 
that have length without breadth, and the two concep- 
tions are inconsistent. 

In the propositions on motion, the relations between 
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the variable elements haye been expressed geometrically, 
so that the demonstrations in Dynamics, as well as in 
Statics, are geometrical rather than algebraical. 

Although the work is specially adapted to the curri- 
culum of the University of London, the author has 
endeavoured to make it a useful text-book for schools 
generally, and for students preparing for other ex- 
aminations. 

October^ 1869. 
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I.~ INTRODUCTION. 

1. A BODY is at rest when it constantly keeps the 
same position in space, and it is in motion when it 
occupies successively different positions. 

2. To illustrate these conditions, let us place a stone 
or other hody on a horizontal table. If left to itself, 
the stone will remain for an indefinite length of time in 
the same position. 

Imagine the table to be suddenly removed; the stone 
will no longer remain at rest, but will fall to the earth. 
Why does it take that particular direction ? A physicist 
would tell us that there is a constant attraction between 
the earth and the stone, and that the movement of the 
stone is due to this cause. 

Whenever a body at rest is made to move, there 
always exists a cause of the motion, the action of which 
is due to the presence, near or remote, of another body ; 
in other words, a body without life cannot move of 
itself. 

3. If the stone be projected along a level road, the 
speed with which it leaves the hand will not be main- 
tained, but will be gradually diminished, until finally 

B 



2 INTRODUCTION. 

the stone will stop in its coarse. If, instead of the 
road, the frozen surface of a lake be chosen, the same 
stone thrown with the same force will travel much 
further on the ice than on the road. And if, instead 
of the irregular stone, we roll a smooth ball of ivory on 
the ice, the distance traversed will be greater still. It 
is evident, therefore, that the stone is gradually stopped 
by the resistances it encounters. 

Similarly, whenever a body ceases to move, it does 
so because its motion is destroyed by the resistances it 
meets with. The more we diminish these resistances, 
the longer and the further will the body move ; and, 
consequently, if we imagine that they are all suppressed, 
we shall be led to the conclusion that the body under 
these circumstances would continue to move for an 
indefinite length of time ; in other words, that a body 
cannot of itself alter its speed. 

4. Neither can it change the direction of its motion. 

If no obstacle be encountered in its course, the ivory 
ball thrown on the ice will turn neither to the right nor 
to the left. It is true that a stone thrown into the air 
returns to the ground, but this is because its weight 
tends constantly to bring it to the earth. Conceive the 
weight and the resistance of the air removed, and the 
stone will continue to move in a straight line with uni- 
form speed. This fundamental principle in Mechanics 
is termed the First Law of Motion, and may be 
enunciated thus : — 

When a body is not acted on hy any external agent ^ if 
it he in a state of rest it will remain so, and if it be in 
motion it will continue to move in a straight line with 
uniform speed. 
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5. When* we raise a burden, set in motion a body 
at rest, or arrest a body already in motion, we are 
conscious of exerting a certain effort, and the term force, 
which we give this effort, is naturally applied to similar 
causes. 

A force is therefore any cause tending to move a body 
to change its motion, or to keep it at rest when other 
forces are acting upon it. 

For a long time the forces employed by man were 
only those furnished by human and animal labour ; but, 
in proportion as progress in science has been made, we 
have not only utilised these natural mechanical forces, 
but have subjected to our use others which were before 
unknown ; as, for example, forces arising from the 
motion of the air, a running stream, the changing 
of water into vapour by heat, chemical action, 
electricity, &c. 

6. Forces from different sources, however, may be 
compared with one another, and are capable of nume- 
rical valuation. 

The science of Mechanics does not consider the 
nature of the forces, but treats only of the properties 
common to all; and a force will be regarded as fully 
determined when we know the point at which it is 
applied, its direction, and its intensity. 

7. Forces do not always have the effect of producing 
or modifying the motion of a body ; other forces acting 
at the same time may counteract them. A weight 
held in the hand is not the less heavy because it does 
not fall ; it is prevented from falling by a force exactly 
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equal to it, bat opposite in direction. If the weight 
be placed on the table, it is still prevented from falling 
by a force exerted by the table. This force is termed 
a reaction^ or a resistance. Whenever a body acted on 
by a force is at rest, we may at once conclude that 
there exists a resistance which counteracts the force. 
When two or more forces neutralise one another, so as 
to keep the body or the particle on which they act at 
rest, they are said to be in equilibrium. 

8. The science of Mechanics may be conveniently 
divided into two parts. 

Statics treats of forces in Equilibrium. 

Dynamics treats of forces which produce motion. 
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9. Three things have to be considered in a force. 

1st. Its intensity or magnitude. 
2nd. The point of application. 
3rd. The direction. 

The ICagnitude of a Force. 

10. Two forces are equal when, if applied at the same 
point in opposite directions, they will be in equilibrium. 
One force is twice another when the first will counter- 
act two forces, each equal to the second, applied to 
the same point, • but in the opposite direction ; so also 
one force is thrice another when three of the latter 
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will be required to keep the former in equilibrinm, and 
so on. 

11. The magnitude of a force is estimated by stating 
how many times a given unit will be equal to it. The 
unit usually employed is a pound. Although forces 
are obtained from different sources, they may all be 
compared with the pound weight. 

We will describe an instrument which may be used 
to compare forces of different kinds with the unit of 
weight. 

12. Figure 1 represents a spring 
balance for this purpose, con- 
sisting of an elastic band of steel, 
B o A, to the ends of which metallic 
graduated arcs are attached. The 
outer arc, da, is fixed to the lower 
arm, passes through an aperture 
in the upper, and terminates in a 
ring, F. The inner arc is attached 
to the upper arm, passes freely 
through the lower, and terminates 
in a hook, a. Place the ring on a 
firm support, and hang a weight 
of one pound upon the hook. The 
two branches of the steel band 
will approach each other until the 
elasticity of the bar counter- 
balances the weight. Mark on 
the arc, a d, the position of the 
bar. Suspend in a similar manner 
weights of 1 lb., 2 lbs., 3 lbs., 




Fig.l. 



&c., and make the corresponding marks until the 
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graduation of the arc is completed. Any force which 
when applied to the instmment produces a certain 
deflection is equal to the weight which would produce 
the same. 

A spring balance nsed to compare forces differing in 
kind may be termed a dynameter. 

Figures 2 and 8 represent other forms of the instru- 
ment. If the ends of the bar, a o b in Fig. 1 were 




Fig. 2. 



Fig. 3. 



united to a similar bar, by joints at a and b, the 
strength of the instrument wonld be greatly increased, 
and by means of such an arrangement we should be 
able to compare even forces of great magnitude with the 
unit of weight. If we wish, for example, to mea- 
sure the force with which a horse draws a carriage 
along a paved road, it will only be necessary to inter- 
pose the dynameter between the horse and carriage, 
attaching one to the ring, and the other to the hook. 



REPRESENTATION OF FORCES. 

The Direction of a Force. 

13. When a body is suspended by a thread 
(Fig. 4), the thread takes a determined direc- 
tion, termed the vertical ; if it be suddenly cut, 
the body will fall in the direction of the vertical. 
This is therefore termed the direction of the 
weight. 

The direction of a force applied to a point ' 
18 the straight line along which the point would be 
displaced if it were free to move, ^^ 

Fig. 4. 
Grapliic Bepresentation of Forces. 

14. In the three properties we have described, forces 
may be represented by straight lines. For example, 
the direction of the line may represent the direction of 
the force, the extremity of the line the point of appli- 
cation of the force, and if we agree to represent a 
unit of weight by a unit of length, as for instance, fay 
taking a line of three inches to represent a force of 
three lbs., then the magnitude of the line will repre- 
sent the magnitude of the force. 



The Transmissibility of Forces. 

15. If a weight be attached by a cord to the spring 
balance in Fig. 1, the effect will be the same at what- 
ever point in the cord the weight be tied. Similarly, a 
force may be applied to a body directly, or by the 
interposition of a rigid rod, and, supposing the rod to 
be supported independently, the result will be the 
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same. The general principle here illustrated may be 
stated thus. A force may be applied at any point in 
tJie line of its direction, provided this point be connected 
tvith the first point of application by a rigid and inex- 
tensible straight line. 

Let A B (Fig. 5) be a string, at the extremities of 
which equal forces are acting in opposite directions^ it 
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Fig. 6. 



is clear that the string will be in equilibrium. Take 
any other point, c, in the string, and remove the 
force, p, from a to c, still the force will be in equili- 
brium. Hence we may consider the force applied at 
one end to be transmitted throughout the string, and 
we may suppose two opposite forces at any point, 
each equal to f. Either of these forces is termed the 
tension of the string. Suppose the string to pass round 
a smooth peg, ring or surface, in this case also the 
tension of the string is the same at every point 

Besultant of Forces in the same Straight Line. 

16. If we hang two weights of I lb. each to the 
dynameter, the indication of the instrument will be 
precisely the same as if a single 2 lb. weight were 
attached to it. Three weights of 1 lb. each produce the 
same effect as a single 3 lb. weight. Similarly, forces 
of 3 lbs. and 5 lbs. may be replaced by a single force 
of 8 lbs. And, generally, it is evident that when two 
or more forces act upon a point in the same straight line 
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s7i (he same direction, their effect will be equivalent to that 
of a single force equal to their sum. 

Conversely, if for a single force two others', the sum 
of which is equal to the first, he substituted, the effect 
will be the same. 

Let US now apply at the point o two unequal forces 
in opposite directions, the one, f', acting horizontally 
from left to right, and the other, f, horizontally 
from right to left (Fig. 6). If f' be a force of 2 lbs. 
and F of 3 lbs., we may substitute three single forces of 

F or 

-« — I \ • 1 — > 

Fig. 6. 

1 lb. each for the latter, and two of them will then be 
in equilibrium with the former. There remains a free 
force of 1 lb. acting from right to left. The body 
under the influence of the two forces is therefore in 
the same condition as if it were acted on by a force, 
F — f', in the direction of the greater. Whenever two 
unequal forces act on a particle in the same straight 
line, but in opposite directions, the greater may be 
divided into two parts, one of which is equal to the 
less, and will therefore neutralise it, and an effec- 
tive force will remain in the direction of the greater, 
equal to the difference of the forces. 

The single force which will produce the same effect as 
several forces acting together, is termed the resultant of 
the forces ; hence the general proposition explained 
above may be enunciated thus. 

When any number of forces act upon the same point, 
in the same straight line, their resultant may be found 
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by taking the difference between the sum of all the 
forces acting in one direction^ and the sum of all the- 
forces acting in the other, the direction of the resul- 
tant being that of the greater sum. 

Let ns agree to write a + sign before all the forces 
acting in one direction, and a — sign before all those 
acting in the opposite direction, and then we may state 
the rale thus ;—The resultant of a number of forces 
acting in the same straight line is equal to the algebrai- 
cal sum of the forces. 

] 7. The forces which are thus combined are termed 
the Components, and the process of finding the resnl> 
tant is termed the Composition of Forces, The con- 
verse operation, namely, that of finding Component 
forces which shall have a given resultant, is termed the 
Resolution of Forces, 

The resultant is the single force which 
will produce the same effect as the com- 
ponents ; hence, if to a system of forces 
a new force be added, exactly equal to 
the resultant, and opposite in direction, 
this force will keep the system in equi- 
librium (Fig. 7). Thus the problem 
to find the resultant also gives the force 
required to keep the system in equili- 
brium. 
Fig. 7. 
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Exercises. 

1. If a force which will support a weight of 18 lbs. be repre- 
sented by a line 3 ft. long, how long nrnst be the line which will 
represent a weight of 14 owts. P — Ans. 28 ft. 

2. In the above case, what weight will a line of 17 in. repre- 
sent ? — Ans. 84 lbs, 

3. The force required to balance two others acting together in 
the same straight line is five times one-fourth of larger force, 
what multiple is it of the smaller ? — Ans, 5. 

4. When a ton is represented by a line 5 ft. 4 in. long, what 
force will a line 7 in. represent ? — Ans, 2 owt. 21 lbs. 

5. The weight of a cubic foot of a substance is 6 cwt., and is 
represented by a line a foot long, what will be the length of the 
line required to represent 720 cubic inches of the same substance ? 
— Ans. 5 inches. 

6. When two forces act together they hare a resultant of 
12 lbs., and when they act in opposite directions their resultant 
is 2 lbs. ; find the forces. — Ans. 6 lbs. and 7 lbs. 

7> A string supports a weight of 4 lbs. at its extremity, another 
weight of 5 lbs. above the first, vasA a third of 7 lbs. above the 
second : find the tensions of the three parts of the string. K 
the tension of the middle part be represented by a Hne llj in. 
long, what will be the length of the lines required to represeilti 
the others ? — Ans. Tensions, 4 lbs., 9 lbs., 16 lbs. ; Hues, 5 in. 
^nd 20 in. 
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m.— THE COMPOSITION AND EESOLUTION OF 

FOBCES. 

Forces in the same Plane meeting at a Point. 

1 8. Suppose two forces not in tlie same straight line 
act on a point m (Fig. 8). If left to the action of these 

forces only, the point will begin to 
move in a certain direction. There 
mast, therefore, be a single force 
which will produce the same effect, 
and therefore, also, a force which wiU 
counteract this effect. We have to 
consider how we can find the mag- 
nitude and direction of this force. 

Over two pulleys, m and n 
(Fig. 9), capable of moving 
without friction, pass a fine 
thread of silk. To the mid- 
dle point B tie a very light 
strip of wood ed. Take 
a number of small equal 
weights, and attach two of 
them to each end of the 
thread, and three to the 
extremity e of the strip b d. 
The point b will descend to 
a definite position, and will 
then remain at rest. 
Let us examine the position of equilibrium. First, 
we shall find that the rod e d will bisect the angle 
M B N ; and this will always be the case whatever the 




Fig. 9. 
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weights, provided that those at m and n are eqnal. 
Again, take a certain length — ^an inch, for example — 
to represent the weight p, and measure off on b k and 
B H as many inches as there are weights at each end 
of the thread and through the points a and c ; thus 
determined, draw a d and c d parallel to b c and a d 
respectively. These lines will meet the rod in the 
same point d, and it will be found that the line b d will 
contain as many inches as there are weights attached 
to E. 

Instead of equal weights sus- ** 
pend 3 p at one end of the 
thread, 2 ^ at the other, and 
4:pto the rod (Fig. 10). The 
form of the figure will be 
changed, but if we measure 
onB M three units of length, and 
draw A D parallel to b c, also 
measure on b o two units, and 
draw c d parallel to b a, still 
we shall find that these straight 
lines intersect at a point d on 
the rod, and that the line b d contains as many units of 
length as there are weights at e. 

This experiment illustrates the fact, that, in order to 
find the resultant of two forces acting on a point, we 
must take on their directions lengths proportional to 
the forces, and complete on them a parallelogram. The 
diagonal of the parallelogram through the point of 
application will represent the resultant of the forces in 
magnitude and direction. 

19. We may here remark that the thread must be 




Fig. 10. 
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tied to the rod, in order that there may be equilibrium 
with unequal weights at m and n. If the weight at b 
be attached by a ring, as in Fig. 11, the tension in 




Fig. 11. 

the two parts of the string must be equal. The 
parallelogram in this case is equilateral. 

The proposition above explained is termed the 
Parallelogram of Forces. 

20. If two forces acting on a particle he represented 
in magnitude and direction hy two adjacent sides of a 
parallelogram, the resultant of these forces will he repre- 
sented in magnitude and direction hy that diagonal of 
the parallelogram which parses through the particle. 

Before proceeding to the proof of 
this proposition it is necessary to 
notice a preliminary proposition. 

21. Any two forces, f, f', applied 
at a point m may be transferred pa- 
rallel to themselves to any other 
point m' in the line of direction of 
the resultant (Fig. 12). . We may 
substitute for the forces their re> 
sultant, and transfer it to the point 
m' in the line of its direction, and may 
then resolve it at that point into 
forces F and f' equal and parallel to 
Fig. 12. the original components. 




DIRBOTIOK OF RESULTANT. 



15 



To demonstrate the Parallelogram of Forces for 
the Direction of the Resultant. 

22. iaU When the forces are equal. 

It is evident that the resultant of two equal forces 
F and f' acting on a point m bisects the angle between 
them ; for there is no reason why it should lie nearer 
one than the other (Fig. 13). This reason may be 




Fig. 13. 




Fig. 14. 



termed a conclusion from symmetry. A similar reason 
would lead to the conclusion that three equal forces 
acting on a particle, and making with each other angles 
of 120°, are in equilibrium (Fig. 14). 
2nd. When one force is a multiple of the other. 
Let M A and m b represent two forces applied at the 
point H, and suppose m a to contain m b a certain number 
of times, three for instance (Fig. 15). Construct the 
parallelogram h a m'b. Decompose the force . repre- 
sented by M A into three forces, each equal to m b, 
represented by the lines mo, o d, da. Since m b and m c 
are equal, b is a point in their resultant, and we may 
transfer the forces parallel to themselves to the point e, 
80 that one will act in the line e o, and the other in 
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OB. Consider the latter and the force represented 
by c D. Since they are eqnal, o is a point in their resul- 




Pig. 15. 

tant, and we may transfer the forces to the lines, b h' 
and D d'. Combine the forces represented by d b', and 
D A, and transfer to m' as before. We have now the 
three components of m a transferred to b m', and m b 
removed to m'b'. The directions of all these pass 
through the point m', and consequently their resultant 
passes through the point m' ; but it also passes through 
the point m, and consequently it has the direction of 
the diagonal mm'. 

3rd, When the forces have a common measure. 

Let the forces represented by m a and m b have a com> 
mon measure / (Fig. 16). Divide m b into parts equal 
to this common measure. Let m c be the first of these 
parts. By the last proposition the resultant of m a and 
M passes through d, so that we may transfer m a to 
D parallel to itself, and m c to ad parallel to itself. 
Combine the force represented by o d with c b, the next 
portion of m b. As before, m' is a point in the resul- 
tant, and we may transfer the forces to this point. If 
there were more divisions of m b, we should proceed 
in the same way with all. The original forces are thus 
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replaced by others passing through the point m'. This 
point is therefore in the direction of their resultant, 




Fig. 16. 

hence the diagonal m m' of the parallelogram has the 
direction of the resultant. 

4th, When the forces are incommensurable. 
If the forces have no common measure, choose a small 
force, y, which is contained exactly in one of the forces 
F, and let p equal to n xy be a force less than p', and 
Q equal to (n + 1) xf be greater than f'. Then the 
proposition has been proved for f and p, also for f and 
Q. Now by taking y sufficiently small, we may make 
p and Q differ from each other, and therefore differ 
from f', which lies between them by a quantity as 
small as we please ; hence we conclude, generally, that 
if two forces acting at a point be represented in magni- 
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tude and direction by two adjacent sides of a parallelo- 
gram, their resultant will have the direction of the 
diagonal of the parallelogram through that point. 




Fig. 17. 



To prove that the Parallelogram of Force iM true 
also with respect to the magnitade of the 
Besoltant.; 

23. Let MA, MB, be the 
direction of the forces (Fig. 
17). Apply at the point h 
a force represented by m c' 
which will be in equilibrium 
with the given forces. Then 
any one of the three forces, 
MA, m B, m o' will be equal 
and directly opposite to the 
resultant of the other two, 
consequently by the last proposition each must be in 
the same straight line as the diagonal of the parallelo- 
gram on the other two. Complete the parallelograms 
on M A and m b, and on m c' and m b, therefore o c' and a a' 
are straight lines, and a'b o m is a parallelogram. There- 
fore c'm and c m are each equal to a'b and to one another, 
hence c m has the magnitude as well as the direction of 
the resultant of b m and a m. 

The parallelogram of forces is therefore completely 
proved. 

24. In working the following Exercises the student 
will be frequently required to solve the following 
triangles : — 

1. A right-angled triangle in whicli the acate angles are 
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respeotively 30° and 60°. Such a triangle is half an equila- 
teral triangle, and it is easily proved that 

The shortest side = half the longest. 
The third side = V^ X the shortest. 

2. An isosceles right-angled triangle (in which of course the 
angles are 45°, 45° and 90°). 

The hypothennse =: either side X V^* 

To find the diagonal of the parallelogram when the angle is 
60°, 30°, or 45°. 

If C M be the diagonal (Fig. 18a), produce a side M B to D, 
and draw G D perpendicular to M D. The angle C B D == AM B. 
If this angle be 60°, 30°, or 45°, and MB and C B be given 
CD and B D may be found, and C M ^^ (MD» + C D«). 

To find the diagonal when the angle is 120°, 150°, or 135° 
(Fig. 18b). 

B C B 





AD 3C 

Figs. 18a and b. 

In this case the angle B is 60°, 30°, or 45°, and therefore if 
C D be drawn perpendicular to M B, C D, D B, and M D may be 
found, and M =^ (M D« + C D«). 

Bemark, that the unit of length taken to represent a unit of 
force may be anything we please, but when a certain line has 
been taken to represent a given force, the unit is fixed, and must 
be maintained throughout the problem. 

Example. — A boat is held at rest 
in a stream by cords, A 0, B (Fig. 
18), attached to stakes in the opposite 
banks, and a rope, C O, fastened to 
the boat C. Show how to find the 
ratio of the tensions in the cords. 

Take any length O A' to represent 
the tension in O A. Through A' 
draw a line parallel to O B, and 
produce G to meet it. From 




Fig. 19. 
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the point of mtersi 



The ratiD of O A' b 
The pantUelogram might have heen oonstmctod on 1U17 two of 
ibe lines. If the abaolnte v&loe of one of the teoiiioiiB be known, 
as for example that in AO — BD lbs., the unit t&ken [ ^ — r? I 
is known, and the tenuon in the other coi^ ma; be fonnd. 

ExEBCISEa. 

1. Threeropeg.PA, QA, B A, are knotted together at the point 
A; PAiB attached to a tree, Q A and EAare polled bj two men; 
having given the angles between Uie lopes and the force exerted 
the presanre on Uie tiee. 
equal tbrcee act to produce the 



b; eaoh man, show how 
2. At wbat Bi^le mnst 1 
le of them ? 




3, Two rafters, making an anf;le 
of 60°, support a ohandelier 
weighing 90 Iba; what will be 
the preasore along each rafter? 
—Ani. 90V3 lbs. 

4. For a given vertical force 
two other foroes are to be snbati- 
tnted, one horizonlal and the 
other tunning an angle of 45° 
with the vertioal i find the magni- 
tadeof the foroes. 

6. If a body be drawn along 
the ground b? a cord inclined at 
a given on^e, abow how to find 
what part of the farce ia apent in 
lifUng the body, and what part in ' 
drawing it. 

6. A crane ia need to raise a 
weight, as represented in the 
figure ; a man pulls the wei^tbj 
a cord to keep it from the waU. 



BXERCI8EB ON THE PABALLBLOGRAM OF FORCES. 21 

(a) Show that the tension in the cord above the weight is 
greater than the weight, and show how to find the ratio between 
them. 

(b) Show how to determine the direction and magnitude of 
the pressure on the pulley of the crane. 

7. Forces of 8 cwt. and 15 cwt. act on a point at right angles ; 
find their resultant. — Ans. 17 cwt. 

8. The ratio of two forces acting at right angles is |, and the 
smaller is 21 lbs. ; find the resultant. — Ans. 35 lbs. 

9. The resultant of two forces which act at right angles is 
145 lbs. and one of the forces is 144 lbs. ; find the other. — Ans, 
17 lbs. 

10. The resultant of two forces which act along the adjacent 
sides of a square is 169 lbs., and one force is 1 lb. greater than 
the other; find the forces. — Ans. 119 and 120. 

11. Show that the greater the angle between two forces, the 
less will be their resultant. 

12. Two forces, P and Q, act upon a point; P=3 Q. If two- 
thirds of P were taken and 8 lbs. were subtracted from Q, the 
resultant would have the same direction as before. Find the 
forces.— -Ins. P = 72 ; Q = 24 lbs. 

13. Two equal forces of 2»y 3 lbs. act at an angle of 60°; find 
their resultant. — Ans. 6 lbs. 

14. Two equal forces act at an angle of 120°; prove that the 
resultant equals either of the forces. 

15. The resultant of two forces at right angles is S^ 3 lbs. 
and makes an angle of 30° with the larger force ; find the forces. 
—Ans. ^^ITand 12 lbs. 

16. Forces of 8 and 12 lbs. act at an angle of 60°; find the 
resultant. — Ans. 17*43. 

17. — Forces of 9 and 11 lbs. act at an angle of 120°; find their 
resultant. — Ans. 20*29. 

18. The resultant of two forces, P and Q, is perpendicular to 
P ; show that it is less than Q. 

19. Two forces, each equal to 50 lbs., act at an angle of 150°; 
find their resultant. — Ans. 25-8819. 
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20. Two forces, each eqnal to 10 lbs., act at an angle of 30°; find 
their resnltant. — Ana. 19*819. 

21. If the resultant of forces of 33 lbs. and 66 lbs. is 66 lbs., 
show that the angle between the forces is a right angle. 

22. Two forces of 2 and 3 cwts. respeotivelj act at an angle of 
46°; find their resultant. — Ans. 4*63 cwts. 

23. The resultant of two forces, P and Q, acting at right angles 

is 306, and Z = ^ » ^^ ^^^ forces. — Ans, 55 and 300 lbs. 
Q 60 

24. The resultant of two forces is perpendicular to one of 
them ; the forces are 2 cwts. 17 lbs. and 1 cwt. 8 lbs. ; find the 
magnitude of the resultant. — Ans. 209 lbs. 

26. Besolve 17/^2 lbs. into two equal forces at right angles. 
— Ans. 17 lbs. 

26. Besolve a force of 353 lbs. into two which shall contain an 
angle of 60°, and the larger of which shall be 150/^/ 3 lbs. — Ans. 
The smaller = 142*0962 lbs. 

27. A force of 206 lbs. is resolved into two, which nuike an 
angle of 30°. The larger force is 168 lbs. ; find the smaller. — 
Ans. 41*507732 lbs. 

28. Can there be equilibrium with forces of 4, 5, and 9 lbs« 
. acting on the same point ? 

29. A and B are points in a horizontal line to which is attached 
a thread bearing at a point C a weight of 194 lbs. If A B=97, 
A C = 72, G B = 66 in. ; find the tensions in the two parts of the 
threads. — Ans, 130 lbs. and 144 lbs. 
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IV.— DEDUCTIONS FEOM THE PABALLELOGEAM OF 

FOBOES. 

Several important deductions may be made imme- 
diately from the Parallelogram of Forces. 

The Triangle of Forces. 

25. WJien three forces acting on a particle can be 
represented in magnitude and direction hy the three sides 
of a triangle taken in order, they will he in equilibrium. 

Let MAC (Fig. 20) be the tri- m. 
angle ; complete tbe parallelogram 
M A o By then the force represented 
by A is also represented by m b, 
and these forces have a resultant 
represented by m o. This resultant 
will be in equilibrium with the ^^' ^^* 

equal and opposite force o m, and therefore the original 
forces are in equilibrium. 

Remark in the enunciation the words taken in order. 
The forces act from h towards a, a towards c, c towards 
H. If one be reversed, they no longer represent forces 
in equilibrium. 

It should be noticed also that the forces are supposed 
to pass through a point, and the sides of the triangle 
to be parallel to them, so that parallel lines are con- 
sidered to have the same direction. 

26. The converse of this proposition is also true. 
When three forces acting on a particle are in equilibrium. 
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the sides of any triangle which are parallel to the lines 
of action of the forces are also proportional to the 
forces. 

Thus, if p, Q and R be forces in equilibrium, repre- 
sented by M c', MA, MB, they will be proportional 
to the sides of the triangle, a h c, and of any triangle 
formed by lines parallel to these sides. 

Again, it is a theorem in geometry that if there be 
^two triangles, such that the sides of one are respec- 
tively perpendicular to those of the other, then these 
sides are proportional, hence in the above proposition, 
if the lines be drawn perpendicular to the direction of 
the forces they will be proportional to the forces. 

27. From the triangle of forces, it follows that 
when three forces acting on a point are in equilibrium, 
the sum of any two is not less than the third. The 
sum of two may be equal to the third when the latter 
is opposed to the former, and acts in the same straight 
line. 

28. If we increase the angle between the forces f 
and f' (Fig. 20), we decrease the angle a, for the new 
triangle having two sides respectively, equal to the two 
sides, HA, A., but including a smaller angle, will have 
a smaller base. Consequently, the greater the angle 
between the forces the less will he the resultant, and it is 
the least possible, when the forces are in the same 
straight line, but opposite in direction. 

29. If three forces in the same plane, not parallel, 
are in equilibrium, they pass through the same point. 

For if two meet in a point they may be replaced by 
their resultant, and in order that this resultant may 
be in equilibrium with the third force, they must be in 
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the same straight line ; hence the line .of action of the 
third force must pass through the intersection of the 
first two. 

30. The sum of the projections of two forces on the 
line of action of their resultant is equal to the resul- 
tant, and the algebraical sum of the projections of the 
forces on any line whatever is equal to the projection 
of the resultant on the same Une.* 

For the first part of the proposition refer to Fig. 20. 
If a perpendicular be drawn from a to m g, it divides 
M o into two parts, which are respectively the projec- 
tions of H A and A 0, the latter of which is equal to the 
projection of m b. 

* Again, let the lines MB, ho, ha, be projected on 
any other line o' k (Fig. 
21) o', b', a', and k, being 
respectively the projections 
of the points c, b, a, 
and H. 

First, let the line mk 
fall without the angle h 
(Fig. 21). It is evident 
that 

CK=:CB' + B'K 

=A'K+B'K Fig. 21. 

that is, the projection of the resultant is equal to the 
sum of the projections of the forces. 




* The projection of one line upon another is the line indnded 
between perpendiculars from the extremities of the first npon 
the second. 
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Second, let the line mk fall within the angle m 
(Fig. 22). Here o' k=b' k— b' c' 



= B K — A' K. 




Fig. 22. 



If we consider the sign of 
ka' to he opposite to the 
sign of o' K and b' k, he- 
cause the line is taken in the 
opposite direction, then b' k 
— a'k will be the alge- 
braical snm of the projec- 
tions of the forces. The 
proposition may be extended 
to any number of forces. If 
the forces be in equilibrium 
the sum of their projections 
must therefore be zero. 

31. If any two lines be drawn at right angles in the 
plane of the forces, the projections of a given line upon 
them will represent two forces which have for resultant 
the force represented by the given line ; for the pro- 
jections are sides of a rectangle of which the given line 
is the diagonal. 

32. Prom this it follows, that if any number of forces 
act on a point and two lines be drawn at right angles 
through the point, the algebraical sums of the pro- 
jections of the forces on these lines will be equal to the 
projections of the resultant on the same lines. If we 
can find these projections we can therefore find the 
resultant. Let x = the sum of the projections on one 
line, and y = the sum of the projections on the other, 
then R* = x' + y'. 
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The condition that the forces may be in eqnilibriam 
is therefore that x = Oj and y =» o. 

These conditions are sometimes stated thus : — 
If any number of forces act on a pointy and two lines 
he drawn at right angles through the pointy the sum of 
the resolved parts of the forces in either direction will 
be equal to the resolved part of the resultant in the same 
direction. If the sum of the resolved parts in the two 
directions be zero, the forces will be in equilibrium. 



The Polygon of Forces. To find the resultant of 
any number of forces acting on a particle. 

33. Let F, *•', f", f'" be forces acting on the point 
M, represented by ma, mb, ho, md (Fig. 23). 




Through a draw a b' parallel and equal to m b, then by 
the triangle of forces m b' will represent the resultant of f 
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and f'. Throagh b' draw b' o' parallel to m o, then h o' will 
be the resultant of b' and f". Similarly, by drawing d d' 
equal and parallel to h d, we obtain m d' .representing 
R the resultant of f, f', f", f'". d'm will represent a 
force which will keep the original forces in equilibrium, 
and from the construction we may at once deduce the 
following proposition. When a number of forces 
acting on a particle can be represented in magnitude 
and direction by the sides of a polygon taken in order 
the forces are in equilibrium. 

Farallelopiped of Forces. 

34. If three forces, f f' f", acting on a point be 
represented in magnitude and direction by the three 
sides of a parallelepiped, their resultant will be repre- 
sented in magnitude and direction by the diagonal of 
the parallelepiped through the point of application. 
The resultant of f and f' is represented by the dia- 
gonal of the parallelogram m b' (Fig. 24), and the 




Fig. 24. 



resultant of this force and f" is represented by m o', 
the diagonal of the parallelogram m b' c' c. 



PARALLBLOPIFBD OF FORCES, 1}9 

35. The inverse proposition to the composition of 
forces, namely, the substitution of two or more forces 
which shall be equivalent to a given force, is termed 
the Resolution of Forces, If the line representing a 
given force be made the diagonal of a parallelogram 
the sides of this parallelogram represent forces into 
which it may be resolved ; and since as many paral- 
lelograms can be drawn on a given diagonal as we 
please, a force may be resolved into two others in as 
jnany ways as we please. 

36 . The method of section 31 may be useful when there 
are several forces acting on a point at known angles. 
For example : — 

Find the resultant of fonr forces of 2, 3, 4, and 5 lbs., respec- 
tively, the included angles being in order 60°, 60°, 15°. 

Take t«70 lines, one in the direction of the first force, and the 
other at right angles to it. 
The projections of the first force are ... 2 and 

second „ ... l^ and 1|n/3 
third „ ... — 2 and 2>/ 3 



3> » 



,, „ AVbU.WU „ 



fourth „ ... and — 

V"2 v/2 



>» »» 



resultant 1 . -1 ^ , ? n/ 8 5 
2 + V2 ■"* 2 V2 



«*=(|--7l)^(^^--^^)^=n7.m 



2 ^/2/ \ 2 ^2 
therefore B= 10*83839. 



30 EXER0I8B8. 



Exercises. 

1. If two lines, A B, C A, represent two forces acting on a point, 
the one towards the point and the other from it, show how to 
find the resnltant. 

2. Three forces of 119, 120 and 169 lbs. act on a point and 
keep it at rest, show that the angle between the first and second 
is a right angle. 

3. Three pegs. A, B and G, driven in a wall form a right* 
angled isosceles triangle, of which the base, A G, is horizontal. A 
cord passes over the three pegs and supports two weights <^ 
20 lbs. attached to its ends ; find the pressure on the pegs. — 
Ans, Pressure on B = 20>/ 2 ; on A and = 20^ 2.y 2. 

4. Three forces acting on a point are represented by lines of 
12, 24, and 15 inches, including angles of 60°: find the length of 
the line which will represent the resultant. ($31) — Ans. 37*5899. 

5. The angles between three forces of 42, 52, and 10 lbs. 
respectively, are 120°; find the resultant. — Ans. 88 lbs. 

6. Show that if three forces acting on a point be represented 
in magnitude and direction by the three lines drawn from the 
middle points of the sides of a triangle, to the opposite angles 
the forces are in equilibrium. (Besolve each force into two others 
acting along the sides.) 

7. Along the sides of an equilateral triangle, A B G, three 
forces of 1 lb. each act in direction as follows : from A to B, 
from A to G, and from B to G ; find their resultant. — Ans. 2 lbs. 
parallel to A G through the middle point of B G. 

8. In the above case, if the forces are 8 lbs. along A G, 5 lbs. 
along B G, and 7 lbs. along A B, find the resultant. — Ans. ^ 97. 

9. Beplace two forces of 20*3 and S9'6 kilogrammes re- 
spectively, acting at right angles by two others also acting at 
right angles, the larger being 40 kilogrammes. — Ans, 19*5. 

10. Three rods meet at a point and form a tripod to sustain a 
weight, show how to find the ratios of the pressures on the rods. 

11. Three forces, 25, 60, and 72 grammes, having directions at 



EXBRCI8E8. 31 

right angles to one another act npon a point ; find their resultant. 
— Ana. 97. 

12. A cord is attached to two fixed points, A and B, in the 
same horizontal line, and bears a ring weighing 10 lbs. at G, so 
that A G B is a right angle ; find the tension in the cord. — Ans. 
5-^2 lbs. 

13. Two cords, AG = 44 inches, B G = 117 inches, are attached 
to points A and B in the same horizontal line and to a weight of 
10 lbs. at G. The angle A G B is a right angle ; find the pressure 
on A and B.—Ans. 3*52 and 9*36 lbs. 

14. Prove that if two forces be represented by two diagonals 
of a parallelogram, their resultant will be represented by a line 
equal to twice one of the sides of the parallelogram. 

15. Find the resultant of six forces, 1, »y2, 2, 3, 2, and 3 lbs. 
acting on a point, the angles taken in order being 45°, 75°, 60°, 
90°, and 90°. — Ans. 1 lb. at right angles to the first force. 

16. Find the resultant of five equal forces acting on a point and 
making with each other angles of 60°. 

17. Four equal forces act on a point ; the first is perpendicular 
to the second, their resultant is perpendicular to the third, and 
the resultant of the first three is perpendicular to the fourth ; 
find their resultant. — Ans. 2 P. 

18. A weight is supported by two strings which are attached 
to it, and to two points in a horizontal line : if the strings are 
of unequal length, show that the tension of the shorter string is 
greater than that of the other. 

19. Three forces, represented by those diagonals of three 
adjacent faces of a cube whidi meet, act at a point ; show that 
the resultant is equal to twice the diagonal of the cube. 
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37, Take a bar of iron b g (Fig. 25), and attach it 
hj the middle point d to a fine thread passed oyer a 



B 




D 

Fig. 25. 



c 



pulley s capable of moying without friction. To the 
other end of the cord attach a mass of lead and a hook 
A, which will exactly balance the bar. Take a number 
of equal weights and suspend one of them from each of 
two points on the bar equally distant from d, and two 
others from the hook ; there will still be equilibrium. 
Take off the two weights from the bar and hang them 
one below the other at the point d ; with this arrange- 
ment also there will be equilibrium. This is an. 
illustration of the fact that two parallel forces, applied 
at two points in a body, produce the game effect as if 
they were applied together at the centre of the line 
which joins the points. 

Replace one weight at b, suspend two others at </, 
midway between o and d (Fig. 26), and hang three 
from the hook at a ; in this case also there will be 
equilibrium. 
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If c" be taken as the point of support, such that 
Do"=:J D B, then it will be necessary when one weight 



B 




Fig. 26. 



is placed at b to suspend four from c" and five 
from A. 

These experiments, which might be multiplied and 
varied indefinitely, show that two parallel forces, acting 
in the same direction, can be counteracted by a single 
force parallel to them ; and consequently they may be 
replaced by such a force. Moreover, we learn that in 
magnitude the resultant is equal to the sum of the 
forces, and if one force be double or triple of the other, 
the point of application of the first must be twice or 
thrice nearer the resultant than that of the second ; in 
other words, the distances of the forces from the 
resultant are inversely proportional to the forces. 

38. Parallel forces which act in the same direction 
may be called like forces, and those which act in oppo- 
site directions unlike. 



CompoBitioii of Parallel Forces, Geometrical Proof. 

89. Let F and f' be like parallel forces applied at 
points A and b in a solid body (Fig. 27). We may 
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D^ E' apply at the extremity of 

/ /Yi / the rigid line a b two equal 



/ / / \ / and opposite forces / and 

G'|^-_Ja'' \ ' — / represented by a d and 

/ / \/ 




B E, without disturbing the 
effect of the forces f, f'. 
The resultant of / and f 
will be represented by a q, 
and that of — -f and f' by b h. 
Produce these lines to meet, 
and let o be the point of 
intersection. We may trans- 
fer the forces represented by 

Fig. 27. ^ ^ ^^'^ A a' to o parallel 

to themselves, when / will 
be represented by o d' and f by o a". Similarly trans- 
ferring — f and f' parallel to themselves to the point o, 
— /will be represented by o b', and f' by o b". Then 
/and — /neutralise one another, and an effective force 
remains along o parallel to the forces f and y, and 
equal to F + y. Hence the resultant of two like 
parallel forces is equal to their sum, and acts parallel 
to either of the forces in the same direction. 

Again, the triangles g a' a, ago are similar, and 
therefore their sides are proportional ; hence — 

GA' AC / AC 

AA' CO ' F CO 

therefore / x CO = F x AC 
In like manner the triangles h b'b and Boo are 

« 

similar ; 

, HB' BC / BC 

hence = — or, ^ 



BB' CO ' F CO 
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therefore / X CO = F X BC 

consequently F X AC = F X BC 

Hence the distances c b and o a are inversely propor- 
tional to the forces. 

Conversely, a given force r may be decomposed into 
two parallel forces p and f', such that r = p + f' and 
fXac = f' X BO. 

By adding p' X a c, or p X b o to both sides of the 
above equation, we obtain — 

F^ _ JF^ F + F __ _^ 

iDA ~~ CB '^ CA + CB "" AB 

Hence F-AB = R-AC and FAB = RCB. 

Again, let b be a point in a b produced (Fig. 28), 
then by adding the two equations 

E ACS 

F-AB = RCB 

and (F + F) -BE = R-BE 

we obtain 

F-AE + F-BE = R-CE 

Fig. 28. 
Composition of Unlike Parallel Forces. 

40. Let p and p' be unlike parallel forces, of which 
p is the greater (Fig. 29). 
The force p may be de- 
composed into two forces; 
one represented by bb' 
at B equal and opposite 
to r', and the other equal 
to f — p' at a point c, 
such that. 




/ 



G 

r 



R=F-F 





Fig. 29. 
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(F — F) -CA = F-AB 
or FAG = FOB 

The forces at b will be in eqailibriom, and an effective 
force remains at o eqnal to p — f'. This, then, is the 
resultant r of the forces f and f'. Therefore the 
resultant of two unlike parallel forces acting on a solid 
body at points a and b is equal to their difference, and 
acts in the direction of the greater, through a point c 
in the line ab produced on the side of the greater 
force such that 

F : F :: CB ; CA 
From this proportion we obtain, 

CB "" CA CB — CA ~~ AB 

In this demonstration the forces f and f' are sup- 
posed unequal. 

41. Two equal and unlike parallel forces have not a 
single resultant. Such a pair of forces is termed a 
couple. The perpendicular distance between the forces 
is the arm of the couple. The moment of the couple 
is the product of either force into the arm. A couple 
can be kept in equilibrium only by another couple in 
the same plane haying equal moment but opposite 
direction. 
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Centre of Parallel Forces. 

42. The resultant of a namber of parallel forces may 
be found by a repetition of the preceding constmction. 
Let p, f' f", &c. (Fig. 30) be parallel forces acting 




B. 

Fig. 30. 

at points a, b, o, &c., in a rigid body. The resnltant 
Ri of F and f' is equal to f + f' and divides the line 

AT -pt 

AB in the point Li such that ^^ = -t=- 
Similarly Ra = Ri+ F" = F + F' + F' 

and pr = -p- 

And so on, the final resultant r being equal to the 
sum of the forces. 

Now suppose the direction of the forces to be changed, 
the forces being of the same magnitude, remaining 
parallel and being applied at the same points as before. 
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The resultants Ri, Rs, &c., though altered in direction, 
will still pass through the points l^, l,, &c., and the 
final resultant b will pass through the point l. Hence 
the resultant of a system of parallel forces acting at 
different points in a rigid body passes through a fixed 
point the position of which is independent of the direction 
of the forces. This point is termed the centre of the 

forces. 

43. As an example of the resolntion of parallel forces let it be 
required to decompose a force F applied at A into three others, 
jv ji// -pM applied at three given points B, 0, D, in a plane which 
is not parallel to the direction of the force F (Fig. 31) ; join B A 




Fig. 31. 

and decompose F into F' at B, and E at E, in the straight lines 
B A and CD. Now resolve the force R into F" at C and F"' 
at D. Then F = F' + F"+F'". These forces possess the fol- 
lowing remarkable property. Since the triangles A C D, B C D 
have the same base CD, they are to one another as their 
heights, or as the lengths A £ and B E ; hence 

AE ACD F' AE 
BE 



ACD F' AE , F' ACD 
BCD ^^* F = BE ^^e'^efore ^ = 



BCD 

The forces F" and F'" give similar relations, and therefore 
F _ F' _ F'' __ F"' 
ICD "" ACD " ABD "" ABC 
If the force F be represented by the area of the triangle BCD 
the components will be represented by the areas ACD, ABD 
and ABC. 
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Exercises. 

1. The Bmaller of two like parallel forces of 24 aod 30 lbs. 
respectively is 5 inclies from the resultant, what is the distance 
between the larger force and the resultant ? — Ana. 4 in. 

2. The resultant of two forces is 66 lbs. ; the smaller force is 
^ of the resnltant and is distant from it 3 ft. 6 in. ; find the 
other force and its distance from the resnltant. — Ans. 36 lbs., 
2 ft. 11 in. 

3. The perpendicular distance between two like parallel forces 
of 1 cwt. and 20 lbs. respectively is 2 ft. 9 in. ; find the distance 
between the smaller force and the resultant. — Ans, 28 inches. 

4. Two like parallel forces which act at the extremities of a 
rod 5| ft. long have a resultant of 1 owt. ; one of the forces is 
35 lbs. ; find the distances of the points of application of the 
forces from that of the resultant. — Ans. 20 and 44 inches. 

5. AB is a rod acted on at A and B by like parallel forces P 
and Q. C is the point of application of their resultant B. Given 
that B = 154 lbs., Q = 99 lbs., AC = 5^ ft. j find AB.— ^tis. 
98 in. 

6. In the last example, given that AB « 16 in., B = 104, and 

- = i ; find P, Q, A C, and A B.— ilrw. 39 lbs., 65 lbs., 10 in., 
Q 5 

6 in. 

7. If P and Q are unlike parallel forces, and AB a straight 
line meeting P in A, Q in B, and B in C. Griven that P = 15, 
Q = 21, andAC = 14 in.; find B C— ilns. 10 in. 

8. If P = 33 lbs., B r= 61bs., and AB = 4 in. j find AC— 
Ans. 26 in. 

9. Two like parallel forces act at points in a rigid rod which 
are respectively 7 and 17 inches from one end ; the forces are 
13 lbs. and 17 lbs. ; find the distance of the point of application 
of the resultant from the end of the rod. — Ans. 12J in. 

10. At points equally distant on a rod 20 inches long, weights 
of 1 lb., 2 lbs., 3 lbs., 4 lbs., and 5 lbs. are suspended. The rod 
is to be supported by a single thread ; at what point must it be 
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tied that the rod may remain horizontal ? — Ans, 13 J in. from the 
end. 

11. A weight of 14 cwt. is carried by two men on a rod 8 ft, 
long. The weight is hung from the middle ; one man is 1 ft. 
from one end and the other 2 ft. from the other end of the rod ; 
find the weight borne by each. — Ans, '9 cwt. and *6 cwt. 

12. ABGD isa sqnare ; forces act along the sides having the 
directions and proportions as follows : — From A to B, 3 lbs., from 
B to C, 4 lbs., from D to C, 7 lbs., from A to D, 6 lbs. ; find 
the magnitude and direction of the resultant. — Ans. 10<^ 2 lbs., 
and acts parallel to the diagonal of the square. 

13. A force of 37' 5 lbs. acting at a point D in the triangle 
A B C, is to be resolved into three parallel forces, Fi at A, F* at 
B, and F, at G ; find the magnitude of F,, having given A B = 73, 
B = 75, A == 52, AD = 19, and B D = 60.— Ans. 9*5 lbs. 
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44. Suppose a rod o d, capable of turning about the 
fixed point o, to be acted on by a force f, the tendency 
of the force to turn the rod about o depends on the 
magnitude of the force and on its distance from the 
point o. We might, for example, double this ten- 
dency, either by doubling the force or by keeping the 
force the same and causing it to act at twice the dis- 
tance from o. Hence the tendency of the force to 
turn the rod about o is measured by the product of 
the force by the perpendicular o d. 

The product of an^ force F by the perpendicular from 
a point on its direction is termed the moment of the force 
with respect to the point. 

Thus if A M represent the force f (Fig, 32), the 
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0^" 




moment of r about o is a m x ^^' This product 
is numerically twice the area of the tri- 
angle having the line representing the 
force for base and the given point for 
apex. 

We show therefore that the moments 
of two forces are equal when we prove 
the equality of the triangles fonned by 
joining the extremities of the lines re- 
presenting the forces to the given point. 

It is evident that the moment of a force about a 
point in its own direction is zero. 

It is convenient to consider moments in one direc- 
tion, as, for example, that of the hands of a clock as 
positive, and moments in the opposite direction as 
negative. 

When two forces act on a particle the moments about 
a point in the direction of the resultant are equal. 

45. Let M be the particle and f and f' the forces 
(Fig. 33). Complete the parallelogram and take any 
point D in the resultant, we shall prove that the 
moments of f and f' about this 
point are equal by proving that 
the triangles a m d, b m d are 
equal. Now the perpendiculars 
from A and b on mo are equal, 
and we may regard m d as the 
common base ; hence the triangles 
having the same base and equal 
heights are equal, and therefore 
the moments of the forces about 
the point d are equal. 
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The above is a particular case of the following propo- 
sition : — 

46. The moment of the resultant of two forces acting 
on a particle about a point in their plane is equal to the 
algebraical sum of the moments of the forces. 

Let M B and m a represent the forces and m o their 
resultant. 

1st. Let the point o be without the parallelogram 
A M B c (Fig. 34). Join the point o with the angular 

points of the parallelogram 
and also project these points 
on any line k l perpendicular 
to M o. Now the moment 

• 

of the resultant about o is 
twice the triangle o m o, and 
the moments of the forces 
twice the triangles omb and 
o M A. All the moments are 
in the same direction, hence 
we shall prove the pro- 
position when we show that 
0MC==0MB4-0MA. The side OMmaybe taken as 
the common base of all the triangles, and then the 
heights are respectively k c', k b', and k a'. Since b c 
and MA are equal and parallel their projections are 
equal, and therefore ic a' = o' b'. 
Now KC = KB' + C'B' 

= KB' + KA' 
Multiply by OM 

therefore ko' x om=kb' x om + ka' x om, 
and these products are twice the areas of the triangles ; 




Fig. 34. 
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Let F p' be like parallel forces, and r their resultant, 
(Fig. 28) ; then we have seen that if b b be any line 
meeting the forces in the points a, b, o, f'ae + 
p' BE = R'EO ; and since every line from b cutting 
the forces will be divided proportionally to b b, the 
perpendicular e 5 is so divided ; hence we obtain. 

r-aE + F'-5E = KcE 

In like manner the proposition may be proved for 
unlike parallel forces, and may be extended to any 
number of forces. 

It follows that when any number of forces are in 
equiHbrium, the algebraical sum of the moments about 
any point is zero ; when the forces have a resultant, 
the sum of the moments about a point in the resultant 
is zero ; when the forces are eqtdvalent to a couple, the 
moment never vanishes but is the same for every point 
in their plane. 

When several of the forces acting on a body are un- 
known, we can frequently find an equation involving 
only one of the unknowns by taking moments about 
some point through which this force does not pass. 

Example, A beam a b has one end attached to a 
hinge a, and the other end attached to a cord b g, one 
end of which is tied to a peg. The. weight of the beam 
is 50 lbs., and may be supposed to act at its middle 
point. The beam and cord make angles of 60° on 
opposites of the vertical. Find the tension of the cord. 

Here then are two unknown forces, the reaction of 
the peg R, and the tension of the cord t. If, however, 
we take moments about the hinge, we shall obtain an 
equation not involving b, for the moment of r about 
this point is zero. 
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Let 2 Z=tlie length of the heam ; draw a vertical line 
through the middle point of a b to represent the direc- 
tion of the weight. The perpendicular on this line from 

A is -^ — •/ ; hence the moment of the weight about 

A is 25 V3-Z. 

The perpendicular on the direction of the cord is /, 
and therefore the moment of the tension is t • Z, 

Therefore t-Z = 25^/37 
and T= 25^3 



Exercises. 

1. Two equal forces act at an angle of 60°; is a point such 
that the perpendiculars from it in the direction of the forces are 
respectively 5 in. and 2 in. ; find the distance of the resultant from 
the same point. — Ans, t^S, 

2. Three forces, F, Q, and B, acting on a point are in equi- 
librium ; the ratio of the moments of P and Q about a point in 

4 P _ 3 , 
the line bisecting the angle between them is "g : "^ "— t" ^^^ 

E = 20 lbs. Find P and Q.^Ans. 12 lbs. and 15 lbs. 

3. Forces of 10 lbs. each act in order along the sides of a 
regular hexagon; find the sum of the moments about one of the 
angular points, each side being 1 foot in length. 

4. A B' G is an isosceles triangle, and D any point in the base 
B C. If equal forces act along the sides A B, C A, prove that 
the sum of the moments about D is independent of the position 
of D. 

5. Three equal forces act in order along the sides of an equi- 
lateral triangle ; show that the sum of the moments about any 
point within the triangle is invariable. 

6. If the algebraical sum of the moments of two forces about 
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two points be the Bame, prove that the line joining these points 
is parallel to the resultant. 

7. A circnlar disc, of radius S^ 2 inches, in a vertical plane 
is movable about an axis through the centre. From the extre- 
mities of two radii at right angles to each other, weights of 14 
and 18 lbs. respectively are suspended ; find the depths of the 
points of suspension below the horizontal line through the 
centre. — Ans, 9 and 7 inches. 

8. In puUing a weight along the ground by a rope inclined to 
the horizon at an angle of 45° a power of 40 lbs. is exerted ; what 
force applied horizontally would drag the body P — Ans. 28*28. 

9. Two forces which are to each other as 2 to<^3 act upon a 
point, and produce a force equal to half the greater ; find their 
inclination. — Ans, 150°. 

10. A thread 12 feet long is £a.8tened at points A and B in the 
same horizontal line 8 feet apart. At C and D, points 4 feet and 
5 feet respectively from A and B, weights are attached ; what 
must be the ratio of the weights that G D may be horizontal ? — 
Ans, 17 to 8. 
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48. When a body is kept at rest under the action of 
several forces, it frequently happens that the reaction 
of one or more surfaces assists in preserving equi- 
librium. This reaction acts in a direction perpendicular 
to the surface. Thus, when a sphere rests on a hori- 
zontal plane the reaction of the plane is evidently equal 
and opposite to the weight. When the surface of the 
body is in contact with the plane in many points the 
reaction of the plane is distributed over these points. 
We cannot generally find out the pressures at the par- 
ticular points, but the resultant of these pressures must 
act vertically upwards through the base of the body. 
Again, suppose the body pressed against the surface so 
as to be at rest, the various points in contact present 
reactions which have a resultant equal and opposite to 
the resultant of the forces pressing the body against 
the surface. 

49. Sometimes the reaction of the surface is such 
as to permit displacement only in certain directions. 
The body is then said to be constrained. Suppose, 
for example, a ring m to be sup- 
ported on a metallic rod bent into 
the form of an arc a b (Fig 36). If 
a force f be applied at the point m 
perpendicularly to the curve, the ring 
will not be moved, for the force 
makes equal angles with the two ^^' ^^* 
directions in which the point might be displaced, and 
there is no reason why it should move in one more than 
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Fig. 37. 



in the other direction. The reaction of the curve mnst 

therefore be equal to — : P. 

Suppose now a force f applied at m in another 

direction (Fig. 37) ; this force may 
be decomposed into two, one t along 
the tangent to ^he curve, and the 
other K along the normal (i.e. the 
perpendicular to the tangent). The 
component t tends to displace the 
point, and the part n is counteracted 
by a reaction — n equal and opposite 
to it. 

50. Consider now a rigid body having one point in it 
fixed (Fig. 38) ; the body can turn only about this point. 
Let a force f act at another point in the body, if the line 
of direction of this force pass through the fixed point, 
we may suppose the force to act at that point, and it 
will then be in equilibrium with the resistance. If the 
line of direction of the force do not pass through the 
fixed point, the body will evidently turn about that point. 

51, If a body have two points, a b, fixed, the line 
joining them is fixed, and the body is capable of 
moving only about this line. Suppose a force f 
applied at appoint m in the body so that the axis a b and 
the direction of the force are in the same plane (Fig. 39). 





Fig. 89. 
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K the line of direction of the force meet the axis in 
the point c we may transfer the point of application to 
c, and the force will there be counteracted by the 
reaction of the fixed axis. If the force be parallel to 
the axis it tends to turn the body in the plane a b m, 
but this tendency is evidently counteracted by the 
reaction of the fixed points. If a force be applied at 
H perpendicular to the plane a b h, it has a moment 
about a point on the axis not counteracted by the 
reactions at a and b. 

If the force be neither in the plane a b m nor per- 
pendicular to it, suppose a plane containing the line of 
direction of the force and perpendicular to the plane 
A B M to intersect the latter in the line c m, we may 
replace the force by two others in the same plane, one 
in the direction of o m, the other perpendicular to it, 
the first being counteracted by the reaction of the axis, 
the second tending to turn the body about the axis. 
The product of the latter component and the perpen- 
dicular distance of m from the axis is termed the 
moment of the force about the line a b. 

52. The moment of a force with respect to a line 
may be thus defined : — 

If the force he resolved into two components^ one in the 
same plane as the line and point of application of 
the force and the other perpendicular to this plane, the 
product of the latter component by the perpendicular 
distance of the point of application of the force from 
the line, is the moment of the force about the line^ 

It is evident that if the point of application of a 
force be moved parallel to the fixed Une, and the force 
parallel to itself, the moment remains the same. 

E 
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Hence, if a body haying a fixed axis be acted on by 
a system of forces, and the points of application of the 
forces be projected on a plane perpendicular to the axis, 
we may suppose the forces to act at these points with- 
out disturbing the effect of the forces. We may then 
conclude that the algebraical sum of the moments of the 
forces about the axis is equal to the moment of the result 
tant; and if the algebraical sum of the moments vanish y 
the forces are in equilibrium. 

Exercises. 

1 . A cord is tied to the end of a smooth rod, inclined at an 
angle of 45° to the vertical, and supports a ring weighing 3 lbs. 
through which the rod passes ; find the pressure on the rod, and 

v/3 

the tension of the cord. — Ans. ^^ lbs. 

2. A beam, A B, rests with one end. A, against a smooth ver- 
tical wall, and the other end, B, on a smooth horizontal plane ; 
it is prevented from sliding by a cord tied to one end of the beam 
and to a peg at the bottom of the wall ; the length of the beam 
is 10 6 feet, and the length of the string 9 feet. Suppose the 
weight of the beam to be 112 lbs. and to act vertically through 
its middle point, and show that reaction of wall => tension of 
string = 90 lbs. ; reaction of plane = weight of beam. 

8. Show from article 61 that if three forces acting at different 
points in a rigid body keep it at rest they must lie in the same 
plane. 
. ,, 4. Explain the twjtion of the rudder of a boat. , - - - \. « > « 

3.'Tiiree'%mfe^th''veMcalposts are fixed at the angles of an 
equilateral triangle, and a cord is passed round them, to each 
end of which a force of 100 lbs. is applied ; find the pressure on 
each post. — J.M.S. 100' V3. 

6. If the posts form a square and the cord passes twice round 
the square, find the pressure on each. — Ans. 200* V2. 

7. A sailing vessel moves in a direction making an acute angle 
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with that of the wind; explain the action of the forces which 
produce this resnlt. 

8. Explain the action of the forces by which a kite is supported 
in the air. 

9. A ladder, the weight of which may be regarded as a force 
acting at a point one-third the length from the foot, rests with 
one end against a peg in a smooth horizontal plane, and the 
other on a wall. The point of contact with the wall divides 
the ladder into parts which are as 1 : 4 ; having given that the 
ladder weighs 120 lbs., and makes an angle of 4o° with the 
horizontal plane, find the pressure on the peg. — Ans. 95 lbs. 

(Take moments about the top of the wall. Then if P = 
pressure on the peg, and B = the reaction on the horizontal 
plane, we obtain P — B = 70. Now resolve the forces in the 
direction of the ladder, therefore P + R = W = 120.) 

10. In the above case find the reaction of the wall. — Ans. 

25- V2. 

(Take moments about the foot of the ladder.) 

11. If a weight of 10 lbs. be hung at the smaller end of the 
ladder, what will be the whole pressure on the horizontal plane ? 

12. A boat which is under the action of a S.E. wind and S. 
current is attached by a cord to a fixed point. The tension of 
the cord is 150 lbs. and its direction 20° from the south. Show 
by a construction how to find the forces of the wind and current. 
—Ans. 72i lbs. ; 192 lbs. 

13. If a straight rod be balanced on a point, and weights of 
1^ 2, and 3 lbs. be suspended at distances of 6, 12, and 18 
inches from the point in one direction, and 2, 3, 4 lbs. at dis- 
tances of 4, 10, and 12 inches in the other, find where a weight 
of 1 lb. must be placed so as to keep the rod at rest. — Ans. 2 in. 
from the point. 

14. A cord, G B, has one end, G, attached to a point in a vertical 
wall, and the other end, B, to the extremity of a beam, A B, 
which rests against the wall. If A C = 5 ft. 5 in., A B = 8 ft. 
1 in., and weighs 130 lbs., find the length of G B, neglecting the 
friction between the wall and beam. — Ans. 148*6 inches. 

15< A sphere weighing 200 lbs. rests between two planes in- 
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dined to tlie horizon at angles respectively of 30° and 60° ; find 
the pressures on the planes. — Arts. 100 lbs. and 173'205 lbs. 

16. A beam, A B, is placed with one end, A, inside a hemis- 
pherical bowl, and a point, C, in it, resting on the edge of the 
bowl ; show, by a constraction, how to find the inclination of the 
beam, friction being neglected. 

17. If the radius of the bowl be 10 fb., and the beam make an 
angle of 30° with the horizon, find the length of the beam. — 
Ans. 20 V3 — 10, or 24-64 ffc. 

18. A B C is a triangle capable of moving about the right angle, 
B, in a vertical plane ; find the ratio of the weights which must 
be attached to A and C, that the side A C may be horizontal, 
having given that AB = 6*15 and AC = 9*53 inches. — Ans. 
6152 to 728^. 
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53. The attraction of the earth which causes a body 
to have weight, acts on every particle of the body ; 
thus, if we take a stone and pound it into small frag- 
ments the sum of the weights of the small particles 
will be equal to that of the whole stone. 

If one of these particles be attached by a fine thread 
to a fixed point o, the thread will take the direction of 
the vertical through o. If several of them be sus- 
pended from points near together, the threads will be 
parallel. When therefore the particles are united so 
as to form the body, we may regard their weights as a 
system of parallel forces. 

Suspend the body by a point a (Fig. 40), the re- 
sultant of the weights of the particles will be equal to 
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their sum, and nill have the direction of 

the Tertical through a. Suspend the 

body again from another point ; the 

weight of each particle will have the 

same magnitude and the same point of 

application as before, but the direction 

of the forces with regard to the body 

will be changed. The reanlt is the _^ . 

same as if each force had been turned 

about its point of application ; hence the new line of 

support or direction of the resnitant will intersect the 

old one in the centre of the forces. If the body were 

composed of a plastic material, and pierced in the 

direction of the line of support in several different 

positions, all the lines of perforation would intersect 

in a common point. This point is termed the centre 

of gravity of the body. We are led therefore to the 

following deOnition : — 

54. The resultant of a st/slem of parallel forces acting 
on a rigid body passes through a Jixedpoint tkeposition 
of which is independent of the direction of the forces. 
If the forces be the weights of the several elements of 
the bodff, the fixed point is termed the centre of gravity. 

When ft body is suspended from a point 4 it com- 
ports itself as if its weight were concentrated at tlic 
centre of gravity o. We may consider therefore that 
two forces act apon it — the resultant weight along tlie 
vertical through o and the reaction of the point of 
support along the vertical through a. When a and 
o are in the same vertical line the body is at rest ; 
hence, if the C. G. be supported, the whole body will 
be supported. 
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We will now consider the position of the centre of 
gravity in certain figures. 

The process of finding the centre of gravity of a 
number of isolated particles is precisely the same as 
that of finding the centre of a system of parallel forces. 

We shall be concerned only with bodies through the 
volumes of which matter is distributed imiformly. 
Such bodies are termed homogeneous. A solid 
body is homogeneous when any two parts of equal 
volume are exactly of the same weight. The deter- 
mination of the centre of gravity of a homogeneous 
body is therefore a purely geometrical question. The 
weights of different portions will be proportional to their 
volumes ; hence we may treat the volumes as the forces. 

Again, consider a very thin sheet of metal, or paper, 
of uniform thickness. The weights of any two por- 
tions will be proportional to the areas ; hence we may 
treat the areas as forces, and seek the centre of gravity 
of the surface. 

In like manner if we take a very thin wire of uni- 
form thickness, the weights of different portions will 
be proportional to their lengths. We may therefore 
find the centre of gravity of a heavy line, 

55. The following considerations will assist us in 
solving problems connected with the centre of gravity. 

1. If a body be symmetrical about a plane, the 0. G. lies in 
that plane. Every particle on one side corresponds to an eqttal 
particle on the other. Hence the C. G. of every pair of particles 
lies in' the plane, and, therefore, so also does the C. G. of the 
whole. 

2. It follows that if a body have two planes of symmetry, the 
C. G. lies in this line of intersection ; and if it have three planes 
of symmetry intersecting in two lines, the C. G. is at the point 
wliere the lines cut one another. 



CENTRE OF GRAVITY. 



55 



• 3. If an area be sjimnetrical about aline, the G. G. lies in that 
line. 

4. If a body have a centre of figure, that is, a point such that 
all lines drawn through it to the outline of the figure are bisected 
in the point, the centre of figure is the C. G. 

For any two lines drawn through this point will contain figures 
on opposite sides of the vertex, in every respect equal. If any 
point in one of these figures be joined with the corresponding 
point of the other, the line drawn will be bisected by the centre, 
therefore the line joining their C. G.s will be bisected by the 
centre of figure. Consequently, this point is the C. G. of the two 
figures ; similarly it is the C. G. of every other pair included by 
lines through the centre, and therefore it is -the C. G. of the 
whole. 

From these facts we may conclude at once that — 

1. The C. G. of a straight line is its middle point. 

2. The C. G. of the circumference or area of a circle is the centre. 

3. The C. G. of the perimeter or area of a parallelogram is 
the point of intersection of the two diagonals, for this point is 
the centre of figure. 

4. The C. G. of the volume or surface of a sphere is the centre. 

5. The C. G. of a right circular cylinder is the middle point 
of the axis. 

6. The C. G. of a parallelepiped is the point of intersection of 
two diagonals. 



To find the C. G. of the Surface of a Triangle. 

56. Let A B c be the 
triangle (Fig. 41). The 
C. G. may be found 
experimentally thus : — 
Suspend it by one of 
the angles, a, from a 
point o, and mark on 
the triangle the line a d 
in the direction of the 





Fig. 41. 
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plumb-line through o. Take off the triangle and sus- 
pend it by another point b. Draw b e on the direction 
of the plumb-line, intersecting a d in a point g. The 
point is evidently the C. G. If the triangle be again 
suspended, the line of support will pass through g. It 
-will be found that e and d bisect the sides a c and d c. 
Hence to find the C. G. of a triangle, join the middle 
points of two sides with the opposite angles. 




To prove the above Proposition Geometrically. 

57. Join A with the middle 
point D of the base (Fig. 42). 
Take any number of points b' b" 
b'" in A b, and through them draw 
parallels to 6 c and a d, so as to 
form a series of parallelograms. 
a d divides the parallels b c, b'c', 
&c., in the same proportion; since 
it bisects one of them, b c, it bisects all the others, and 
hence the centres of all the parallelograms lie on the 
line A D. This will be the case whatever may be the 
number of the parallelograms. Their sum is always 
smaller than the triangle, but approaches nearer and 
nearer to it as the number of divisions in a b is in- 
creased. Since the C. G. of the sum of the parallelo- 
grams lies in a d, therefore the 
C. G. of the triangle is in a i>. 
Similarly the C. G. lies . in the 
line B E drawn from b to the 
middle point of a c. It must 
therefore be at g, the point of 
intersection of the two lines, a d 
and B E. 
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Join D E. Since the triangles, c e d, cab are 

... CD DE .... ^ 
similar, r^ = -T-5-; and since the tnangle dge is 

similar to a o b 

DG _ DE ^ ^ DG CD 1 

_ ^ _ therefore ^ = __.. 

Therefore DG = ^ AG or ^ AD. 
Hence the C, G. of a triangle is in the line joining the 
apex vnth the middle of the base, and at one-third of its 
length from the base. 

To find the C. G. of three equal Particles placed at 
the angles A B C of a Triangle. 

58. The resultant of p at b and p at o will be 2 p at 
D (Fig. 43), and the C. G. of 2 p at d, and p at a 
is at a point a, such that d g equals -^ a o. Hence the 
C. G. of the three equal particles coincides with the 
C. G. of the triangle. 

To find the C. G. of the Perimeter of a Triangle. 

59. The C. G. of each side is 
at its middle point. Hence we 
have to find the C. G. of forces 
acting at the middle points a' b' c' 
of each side, and bein^ propor- 
tional to the lengths of the sides 
(Fig. 44). Join the points a' b' 
c'. The C. G. of the forces at c' 
and b' is at a point d, such that 

DB' _ AB _ JAB __ A^' 

DC ~ AC "" iAC "" A'C 
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Hence the C. G. of the whole perimeter is in the line 
a'd. Since the line a'd divides the base c'b' into parts 
proportional to the sides, it bisects the angle a'. Simi- 
larly we may show that the C. G. lies in the line bisect- 
ing the angle b'. Now the intersection of the bisectors 
of two angles of a triangle is the centre of the in- 
scribed circle ; hence the C. G. of the perimeter of a 
triangle coincides with the centre of the circle inscribed 
in the triangle, whose angular points bisect the sides of 
the original triangle. 

To find the C. G. of a Triangular Prism. 

60. Suppose one of the triangular bases a b c divided 
into parallelograms as in Fig. 42, and imagine planes 
to pass through their sides parallel to the edges of the 
prism (Fig. 45), these planes will form a series of 




parallelopipeds within the prism. The C. G. of each 
will be in the plane a' a d which bisects the sides parallel 



CENTRB OP GKAVITY. 



5» 



to B c, and in the plane ah c which bisects the lateral 
edges of the prism. The C. G. of the whole is there- 
fore in the line of intersection a c?, whatever be the 
number of the parallelopipeds ; hence the C. G. of the 
prism will be in this line. 

Similarly it may be shown that the C. G. of the prism 
is in 6 6 ; it is therefore at a, the C. G. of the triangle 
a b c. The point g is evidently the middle point of 
the line o o', which joins the C. G.s of the two ends. 

The same rule applies to any prism whatever, for 
such a prism may be decomposed into triangular prisms, 




Fig. 46. 

all the C. G.s of which lie in a plane a h c d e, 
parallel to the bases, and cutting the line joining the 
C. G.s of the two ends in the middle point g (Fig. 46). 



60 
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To find the C. G. of a Triangrular Pyramid. 
61. Let 8 ABC be the pyramid. Find d the C. G. 
of the base, and join s d. Suppose a number of planes 
drawn parallel to the base and intersecting the other 
faces of the pyramid, and also other planes through 
the lines of intersection parallel to s d. These planes 
enclose a series of prisms, all the C.G.s of which lie on 




Fig. 47. 

the line s d. Hence whatever may be the number of 
prisms, the C. G. of their sum is in the line s d, and 
therefore the C. G. of the pyramid to which their sum 
Approaches lies in the same line. Similarly, if e be the 
middle point of the edge d o of a pyramid a b c d and 
gi g^ the C. G.s of two adjacent faces (Fig. 48), the 
C. G. of the pyramid lies in both the lines a ^j b g^, and 
is therefore at their point of intersection g. Now the 

. ., , 9i9^ 9\ E 

triangles a b e, e ^i ^2 are similar, hence —^^ ^^^ 



= ~ ; also the triangles A b g, gig<iO are similar, 
o 
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therefore A|? = il^. Hence ^^^ G = -^ of AG 

Aij A(jr o 

= -J- of A ^j. The C, G, of the pyramid is therefore 

in the line joining the C. G, of the base and the apeXj 
and at one-fourth of its length from the base. 

It will be seen that the C. G. of the pyramid coin- 
cides with the C. G. of equal weights placed at the four 
comers. 

To find the C. G. of a Pyramid with Polygonal Base. 

62. Decompose the solid into triangular pyramids 
by planes passing through one edge s a. Take a point 
a in 8 A such that a a = ^ s a. A plane through this 
point parallel to the base will cut the pyramid in a sec- 
tion similar to the base, and will divide all lines from s 
to the base in the same proportion. Hence the C. G. of 
each pyramid coincides with the C. G. of the triangular 
section. Therefore the C. G. of the whole pyramid lies 
in this plane and coincides with the C. G. of the whole 
section. 

Now the C. G.s of the similar sections will be 
similarly situated ; hence if o be the C. G. of the base 
the line s g will intersect the plane of the section in g, 
its centre of gravity. Hence the C, G. of every pyramid 
is in the line joining the C. G. of the base with the 
apex at one- fourth of its length from the base. 

We may consider a cone as a pyramid with a great 
number of faces ; hence the C. G. of a cone is in the 
line joining the C. G. of the base with the apex at one- 
fourth of its length from the base. 

To find the C. G. of the Surface of a Pyramid. 

63. If the point a be taken, so that 2 a a = s a, 
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and ah he drawn parallel to a b, a plane through a h 
parallel to the base will cut all lines from s to the base 
in the same proportion, and will therefore contain the 
C. G.s of all the triangular faces. If the pyramid be 
regular it will be symmetrical about planes intersecting 
in the line joining the centre of the base and the apex. 
Hence this line will contain the C. G. of the surface at 
one-third of its length from the base. 

It follows that the C. G. of the convex surface of a 
right circular cone is in the line joining the centre of the 
base with the apex at one-third its length from the base. 

Properties of the Centre of Gravity. 

64. We have seen that when a body is suspended 
from a point the vertical through that point must 
contain the C. G. of the body. The same is true when 
the body rests on a point. 

If the body rest on more than one point in the same 
horizontal plane the resistances at these points will be 
like parallel forces and will therefore have a single 
resultant parallel to them. The direction of this re- 
sultant will lie within the base formed by the points ; 
hence the vertical through the C. G, of the body must 
fall within the base. 

The force required to move a body may vary with 
the position of the body. Let a b cd (Fig. 49) be the 

section of a prism resting on 
a horizontal plane. Turn it 
about one edge a. The C. G. 
describes a circle, and the force 
required to move it decreases 
as the C. G. ascends ; in other 
words, the stability of the body 




Fig. 49. 



CENTRE OP GRAVITY. 



63 




decreases as the C. G. is raised. When the C. G. 
arrives at the position q' in the vertical through a, 
the body reaches the limit of stability. In this position 
the eqnilibriam is mathematically possible, for the re- 
sistance of the surface through a will be in the same 
straight line as the C. G. The slightest force will be 
sufficient to move the body, and when disturbed it will 
fall away from this position. 

65. When a body in equilibrium would return to its 
original position if slightly displaced, the equilibrium 
is said to be stable ; when the body would fall away 
from its first position if slightly displaced, the equi- 
librium is said to be unstable. 

Remark that there is equili- 
brium only when the C. G. 
occupies the lowest or highest 
possible position, and the equi- Fig. 50. 

librium is stable in the first posi- 
tion and unstable in the second. Hence every body 
suspended from a point is in stable equilibrium, and 
every body supported above a point or line is in un- 
stable equilibrium. 

Consider now a sphere resting on a horizontal plane, 
the reaction of the plane and the weight of the body 
will act along the same straight 
line in every position. Tf there- 
fore the sphere be slightly dis- 
placed it will have no tendency 
either to return to or move away 
from its first position. Its C. G. 
will neither be raised nor lowered. 
The equilibrium in this case is 
neutral. When the body rests on Fig. 61. 
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au inclined plane (Fig. 51), il is still necessary that 
tbe vertical through its C. O. shall fall within the base. 
Let D represent a prism, and a b ita base on an in- 
clined plane ; the resoHaat of the resistance offered by 
the points in contact perpendicular to the plane vill 
evidently pass throngh a point in a b. If the body be 
prevented from sliding by the roughness of the plane, 
the perpendicular reaction of the plane and the force 
caused by this roughness meet in a point in a b, and 
have therefore a resnltant through the same point. 
That this resultant may be in equilibrium with the 
weight, the vertical through the C. G. of the prism moat 
evidently fall within a b. If the C. O. be at a, the 
equihbriam will be stable, if at o' unstable, and if at 
o" the body will fall. 

68. The neoBBBitj of keeping the C. G. so that tbe vertienl 
tbrcngh it shuU Ml within ihe base formed bj the points 
of snpport has constaiiUj' to 
he considered. When a man 
stands or walls, the line of di- 
rection of his weight must fall 
within the base fecmed by his 
feet. If he take a load in one 
hand, the C. G. of the whole 
fignie will be thrown towards 
the lofiid, and he natnrall; raises 
the free arm and leans towards 
the other side, thns making the 
new C. Q. foil over the base 
formed b; hie feet. If he oarry 
the bntden on his back, lie 
bends forward; if be bear it 
in front, he leans back. In 
aver; case the load and the 
bearer form a whole and the C. G. of the whole is ^splaced on 
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the Bide a! the load so that it ia neceuarj to bring the Bew 
C. G. over the base of support. 

Consider now a, cart with two wheels ; if the vertieel through 
the C. 6. of the loaded cart fall in the line joining the points of 
contaj:t of the wheels and ground, tbe weight is sup- 
ported b; the rood ; in ds- 
scendiDg &n ineline the vertical 
throngh tie C. G. will fall 
in front of this line, and part 
of the weight must he borne by 
the horse; in an ascent tbe 
C. G. falls behind, and the load 
tends to lift the horse. "WheD 
the oart is properly loaded oi 
horizontal road, the vertical ' 
through the 0. G. fells near Fig. 53. 

the middle of the line between the wheels, but on a road inclined 
towards one side the Tertical falls nearer the lower wheel. So 
long as it does not pass the lowest point of this wheel eqoilihrinm. 
ia maintained, but as soon as it passes it the curt ia oiertnnied 
The higher the C. G. ia aboie the ground the sooner is tliis 
posildon reached. 




To find, geometricEiUjr, the C. O. of any rectilineal 
figure. 



67. Consider first a quadrilateral, 
A B o D (Fig. 54). Join a o, and find 
Gi, a,, the C. O.a of tbe triangles 
A B c, A D c. The C. G. of the whole A' 
must be in the line a, o,. Now join 
B D, find a, G, of the triangles bad, 
bod: the C. G. of the whole must 
be in the line Oj O4. It ia therefore 
at their point of intereection. . 
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If the figure have five sides we can divide it in two 
ways into a triangle and a quadrilateral, and join 
their C. G.s. 

From a pentagon we may proceed to a hexagon, and 
eo on. 

To find the C. 0. of a part of a body, 

68. When we know the volume and position of the 
C. G. of the whole body, and the volume and position of 
the C. G. of a part cut off, we can find the C. G. of the 
remainder. 

Let v be the volume of the whole, Vj of the part 
cut off, then v — Vi is the volume of the remainder. 
liCt a be the distance between the C. G. of the whole 
and that of the part cut off, and let x be the distance 
between the C. G. of the remainder and that of the 
whole ; then v may be considered as the resultant of 
parallel forces v and (v — Vj) at distances a and x 
from it. 

Therefore Vi a = a? • (V— Vi) 

Hence x = -~ 

y y 

As an example, let it be required to find the C. G. of 
the trapezoid a b d o formed by cutting off a triangle 
EAR from a triangle e c d by a line a b through the 
middle points of the sides c e, d e. 

Let M be the middle point of c d, and let a = the area 
of E c D, then b a b = ^-a, and a b d o == | a. Let 
E M = a, then the C. G. of the whole is f a from b, 
and the C. G. of the part cut off ^ a from e ; there- 
fore the distance between them is J a. 
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Hence - x Tr=r-A.XiP and x ^ — 
4 3 4 9 

69. We may, however, take the distance of the C. G.s 
from a fixed line, or a fixed plane, and form the equa- 
tion thus : — Let a = the distance of the C. G. of the 
whole from the line, Oj the distance of the C. G. of the 
part cut off, X that of the part left, 

then V X a = (V — Vi) aj + Vi x aj 

V-a— ViOi 

For example, find the C. G. of a conical shell con- 
tained hetween two right circular conical surfaces, having 
the same axis, the outer diameter of the shell heing 
8 in., the inner diameter 6 in., and the height of the 
whole 12 in. Since the heights are proportional to the 
diameters of the bases, the height of the cavity is to 
12 as 6 to 8 ; hence it is equal to 9 inches. 

The volume of a cone the height of which is h, and 

radius of base r^ tt' r^ ■^, 

o 

Hence the volume of the solid contained by the outer 

conical surface = x * 64, and that contained by the 

inner surface = tt • 27, therefore the volume of the 

shell = TT • 37. The C. G. of the whole cone is 3 in. 

from the base : that of cavity 2^ in. from the base. 

Hence tt "64 x3 = 7r-27x2i + 7r-37xa; 
And d? = 3-/;^'^ =the distance of the C. G. of the shell 

from the base. 
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Exercises. 

1. Find the C. G. of two soM bodies of 12 Iba. and 20 lbs. 
respectively, the line joining their centres of gravity being 2 ft. 

Sin. 

2. The distance of the C. G. of two heavy particles from the 
greater is 5 inches, the particles are respectively 60 and 72 
grammes ; find the distance between them. — Ans, 11 in. 

3. Weights of 2 lbs., 4 lbs., 6 lbs., and 8 lbs. are placed so that 
their C. G.s are in a straight line, and 6 inches apart ; find the 
distance of their common centre of gravity from that of the 
larger weight. — Ans. 6 in. 

4. Find the C. G. of the remainder of a square when one of 
the triangles into which the diagonals divide it is taken away. 
(f 58)— ulns. If a = the side of the square the C. G. is % from 

the centre. 

5. A B D is a quadrilateral in which the base A D is double 
each of the other sides ; find the C. G. ($ 58) —Ans, ^ths of the 
height from the base. 

6. If three men support a triangular board at its three comers, 
what portion of the weight will they bear ? 

7. A figure is formed of a squai-e and an isosceles triangle, 
equal in area to half the square on one of the sides ; find the 
distance of the C, G. of the whole firom the common side. — Ans. 
I^ths of the side. 

8. The middle point of one side of a square is joined with 
the middle point of the adjacent sides, and the triangle tbns 
formed cut off; find the C. G. of the remainder. — Ans. If a be 
the side, the C. G. is ^ from the centre {§ 58). 

9. A mass of granite, 20 ft. long, 4 ft. wide, and 2} ft. high, 
rests on three props of the same height, two being placed at the 
comers of one end, and the other at the middle point of the 
opposite end of the base. Having given that a cubic foot of 
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granite weighs 2625 oz., find the pressure on each prop. — Ans, 
236250 and 118125 oz. 

10. Two spheres touch one another, find the distance of the 
C. G. from the point of contact, the radii being respectively 8 in. 
and 12 in.* -rAns. 1^ in. 

11. Find geometricallj the C. G. of weights of 3, 4, 5, and 
6 lbs. placed at the comers of a square, the side of which is 1 ft. 

12. Find the C. G. of two blocks of marble of the same uni- 
form density, the lower one being 4 ft. long, 4 ft. broad, and 
2 ft. thick, and the upper 8 ft. long, 2 ft. broad, and 2 ft. thick, 
and an edge of the upper lying along an edge of the lower, so 
that the centres of the two edges coincide. — Ans. The C. G. is 
6 in. from the centre of the upper fieuse of the lower block. 

13. A ladder 25 ft. long, weighing 60 lbs., and haring the 
C. G. 5 ft. from one end, is carried by two men at the ends ; 
what weight is borne by each ? — Ans. 48 lbs. and 12 lbs. 

14. Find the C. G. of a uniform circular disc out of which 
another circular disc has been cut, the diameter of the latter 
being a radius of the former. 

15. Find, geometrically, the C. G. of a heavy bar, 10 ft. long, 
bent so as to form an angle 4 ft. from one end. 

16. If AB C be a right-angled triangle, p, q and r weights at 
the angles, find the distance of the C. G. of the weights from 
the angle A, having given A B =» 80 in., B C = 39 in., C A 
= 89 in., p = 15 lbs., g = 14 lbs., r = 12 lbs. — Ans, 52 in. 

(Find first the C. G. of g and r and its distance from A.) 

17. If two triangles stand on the same base, the line joining 
their centres of gravity is parallel to the line joining their 
vertices. 

18. A circular table, weighing 168 lbs., is supported on four 
legs in the circumference which form a square ; find the least 
weight which being at the circumference will overturn the table 
— Ans. 406 lbs. 

19. Three equal weights are placed at distances of 120° on the 

♦ The vol. of a sphere = J wr' (y-isan approximation to 
w), and the vols, of spheres are as the cubes of their radii. 



70 THB MECHANIGAL POWERS. 

oircuinfeience of a cirotilar table ; what must be the magnitade 
and position of a fonrth weight which will bring the C. 6. of the 
whole to the centre of the table ? 

20. A disc of lead, 20 inches in radios and 2 inches thick, is 
laid on another disc 40 inches in radius and 3 inches thick, so 
that the circumference of the upper disc passes through the 
centre of the lower ; determine, geometrically, the C. G. of the 
whole. 

21. Why is it more dangerous to place luggage on the top of a 
coach than in the body ? 



IX.—THB MECHANICAL POWERS. 

Macliines. 

70. An instrument for transmitting a force from 
one point to another, or for changing tlie direction of 
motion, is a machine. 

Any machine, however complex, is composed of a 
number of parts termed the simple mechanical powers. 

Let us consider, for example, a flour mill. (Fig. 
55.) On the left of the figure is the water-wheel, to 
which motion is first communicated. The moving force 
of the water is transmitted by the axle a to the first 
vertical toothed wheel, and by it to the horizontal 
toothed wheel attached to the axle b, which also carries 
a large toothed wheel c. This wheel communicates 
with a smaller one on the same shaft as the mill- 
stone, capable of being moved up and down upon the 
shaft. 




Fig. 55. 

In Fig. 56 there are two Buch wheels, e and d, 
the former being in contact with c, and the latter dis- 
connected. By this arrangement the two wheels may 
be worked alternately or simultaneously, according to 
the strength of the water-power. Now from the wheel 
which receives the force of the water to the stone which 
grinds the com, the parts of the machine are so con- 
nected that the uniform morement of one part secures 
s like moTemeut of the whole, and the equilibrium of 
the whole implies the equilibrium of each part. To 
trace the conditions of equilibrium of such a machine 




Fig 56 

it IB only nncessary therefore to study the eqnilibnum 
of the Biotple machmea 

71 It will bo expedient to omit in this inreBtigation 
several things which muBt be considered before a prac- 
tical apphcation of the principles can be made For 
example, we shall first take no account of the fnction 
between the different parts of the machine Except 
where the contrary is stated, we shall neglect the 
weight of the machine itself Cords and chains will be 
treated as if they had neither atiffness, thickness, nor 
weight The consideration of these resistances is for 
the present deferred. 

72. The force applied U technically called the 
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power ^ and the resistance, whatever may be its natare, 
is termed the load, or weight. 

The condition of equilibrium in each machine will be 
expressed by stating the ratio of the power to the weight. 

The Lever. 

73. Any rigid rod movable about a fixed point is 
termed a lever. That there may be equilibrium with 
such a machine the forces acting on it must admit of 
a resultant passing through a fixed point in the lever. 
This point is termed iihe fulcrum^ and the resultant of 
the force is the pressure sustained by the fulcrum. 

Levers are usually 

classified according to A :p p 

the position of the fixed ^ X '^ "S 

point. If the fulcrum 

be between the power ^ -^ j P 

and the weight, the lever JL "^ 

is of the first kind. If aQ p 

TIF \/ I A. 

the weight be between •"*^ j 5 1 

the fulcrum and the A^ 

power, the lever is of the ^is. 57. 

secondlsind. If the power 

be between the fulcrum and the weight, the lever is 
of the third kind. 

The crowbar of the mason, used as in Fig. 58, is a 
lever of the first kind. 

The loaded barrow raised, as in Fig. 59, is a lever of 
the second kind. 

The treadle of a sewing-machine is a lever of the 
third kind. 

First, let us suppose the power and weight to be 
parallel forces. 
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Let p and q be respectively the power and the weight 
applied at the points a and b. Let o be the falcmm, 
and let AO = a, BO = h. Then, b; the principle of 




Fig. 5y. 

parallel forces, whiebever kind of lerer we consider, the 
equation of equilibrium will be 

P-o = Q-5. 

The preflBure on the fulcmm in the lever of the first 

kind (Fig. 57 I.) is p + q ; in the lever of the second 

kind (Fig. 57 IL), Q — p; in that of the third kind 

(Fig. 57in.), p — Q. 
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In all cases the greater force is attached to the 
shorter arm, so that q is greater or less than p, 
according as a is greater or less than h. Hence, in 
lever 1, p may be greater or less than q in lever 2, 
since a is the whole rod p is necessarily less than g ; 
and in lever 3, p is necessarily greater than q. K 
the forces be not parallel (Fig. 60) still the moments 




Fig. 60. 

abont the fulcrum in opposite directions must be equal, 
hence v p = Q' q. To find the magnitude and di- 
rection of the pressure on the fulcrum o, suppose the 
forces p' and q' at o equal and parallel to p and q, 
then R, the resultant of these forces, will be the pressure 
on the point o. 

Balances. 

74. The balance is a lever of the first kind, haying 
equal arms. The ordinary balance consists of a metallic 
bar termed the beam (Fig. 61), supported on a stand 
(c) by a sharp edge, called a knife edge, fixed hori- 
zontally in the middle of the beam. Attached to the 
beam at right angles is a needle or index, which moves 



over a gradaated arc, and ie vertical when the beam is 
horizontal. Two dishes or scales (6, i) for receivings 
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tbe weights are suspended from the extremities of the 
beam, also upon knife edges. These edges form the 
points of application of the weights. The distances of 
these points from the central edge ore the arms of the 
balance. When equal weights placed in the scales 
always cause tbe beam to remain horizontal the balance 
is true. When this is not the case tbe balance is 
faUt. 

To invMligaU the requisites of a good balance. 

76. 1. When tbe scales are empty, the beam should 
be horizontal and index Tertical. If the balance be 
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disturbed, tlie index should return again to the same 
place when the motion of the beam has subsided ; hence 
the equilibrium should be stable. To Secure this the 
C. G. of the beam and its appendages should fall a little 
below the knife edge. 

2. When equal weights are placed in the scales the 
index should be vertical; hence the arms must be of the 
same length. 

3. When the weights are unequal, the balance should 
easily indicate the inequality. The facility vith which 
the 'index is turned from the vertical in such a case is 
termed the sensibility of the balance. The sensibility 
depends on two things. (1) The longer the arms, the 
greater will be the moment due to the excess of weight ; 
hence the arms should be as long as possible, (2) When 
the beam is displaced, its weight tends to bring it back 
to the first position, and the greater the weight of the 
beam the less the amount of displacement caused by a 
given inequality in the weights ; hence the weight of the 
beam should be as small as possible. 

4. The moments of equal weights about the point of 
support should be the same, not only when the beam 
is at rest horizontally, but also when it is disturbed ; 
hence the points of suspension of the scales should be 
in the same straight line as the point of support. 

76. A form of balance now very commonly used is 
that indicated in Fig. 62. The dishes in this case are 
placed above the beam, so that the articles to be 
weighed may be more easily placed in them. The 
equality of the arms is here as indispensable as in the 
common balance. To prevent the scales from over- 
turning, they are supported by rods, which descend 



into the stand, and are attached hj joints at their 
extremities to a second beam eqnal in length to the 




Fig. B2. 

first. Though this balance is more convenient, it is 
less exact than the ordioaiy balance. 

77. To test a balance, all that is necessary is to take 
freights apparently equal, and to transfer them. If 
they be not really equal, but appear so only in conse- 
quence of the inaccuracy of the balance, the fact will 
be made apparent vrhen each is moved to the opposite 

The exact weight of a body may however be found by 
the aid of a false balance. Place the body to be weighed 
in one scale, and as much of some substance (sand for 
example) in the other as will make the beam hori- 
zontal. Now take out the body, replacing it by such 
weights of known value as will balance the sand. The 
som of these weights will be the weights of the body. 
We may, however, find the true weight of a body by 
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weighing it in both scales. Let a and h be the arms 
of the balance, w the true weight of the body, x the 



M 



Fig. 63. 

weight at h which balances w at a, and y the weight 
at a which balances w at h. Then, wa = x'h 

and Yf'h •=- ya 
On multiplying these equations we find that 

w = »Jxy. 
78. The common steelyard is a balance with unequal 
arms (Fig. 63). On one side of the knife-edge o, which 
is the fulcrum of the lever, the weight p remains the 
same, but its distance o m varies ; on the other side, 
the weight suspended from the edge a may be changed, 
but the distance a o is constant. The condition of equili- 
brium, if we suppose the C. G. of the machine to be 
at o, will be q'a o = p*o h. As q varies on the one 
side, OM may be made to vary on the other, so that 
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the same weight F may balance rarious weights sus- 
pended from A. For example, let t> in one position u 
balance I lb. ; then, in a position u' such that on' ^ 
2-oM, p will balance 2 ib?. If the C. G. of the bar 
and its appendages be not at o, but at o, for example, 
then the moment of the weight of the bar w will be in 
the same direction as that of q, and the condition of 
equilibrium will be q-a o + w-a o = p-m o. 



Weighing KacMnes. 

79. When the weights are considerable, machines 
composed of several levers are employed Such is the 
weighing machine indicated in Fig 64 It is i 




posed of three levers ; a c movable about the point o, 
a'o' movable about o', and e d movable about d. The 
lever E D bears the platform upon which the object to 
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be weighed is placed. The point d is the extremity of 
a rod fixed to the lever o a', the lever a c is bound to 
the others by the vertical rods a a' and b e, the extre- 
mities being hinge-joints. A scale at c contains the 
weights. 

Let p be the weight of the body, and p that of the 
weight in the scale c. Let Pi be the pressure on d and 
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Fig. 65. 



b', p, the pressure on a and a', Pj the pressure on b 
and £. 

I. From the equilibrium of d e we have p'd m = 
Ps'D e. 
IL From the equilibrium of a' o' we have Pi'o'b' = 

Pa' o'a'. 
III. From the equilibrium of a c we have Pj'a o + 

Pj'O B »= J9*0 c. 

Also Pi = p — p„ hence from L we have 

PDM .. ^_ _ _ CB' 

, frojn II. Pa == Pi — -- == 



P,= 



DE 



O'A 
ME O'B' 



(V — V\ 2!51 — p. 



Hence, substituting in III., 

„.oc-p-ME.. o'B' 



^^^^w'^^ 



= ^ °^ j DE O^A? "OB * DE i 
Non the balance is so conBtracted that 

jOA _ OVA' _0A _ aw _ 

OiJ ~ CB' '"' OB ' O'A' ~~ 

ME O'B' AO DM _ 

DE ' O'A' " OB ■*' DB ~ 
[E DM 



hence 



DE 



DE 



DE 






and ;) ■ DC = P ■ OB. 
It is evident, then, that if the arms o o and o b be 
taken so that o c = 10 ' o B, then p in always 10-^, or 
if c := 112 'OB, p is as many cnts. as p is lbs., and 
similarly any other proportion may be secured. 

The Wheel and Axle. 

SU. Tlie irheel and axle is only a modification of the 
IcTer. This machine consists of two cylinders, a b and 
iir, of different radius (Fig. 66), having a common 
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axis ; the smaller being termed the axle, and the larger 
the wheel. A cord is wound round the wheel in one 
direction, and another cord round the axle in the oppo- 
site direction. To the former is attached the weight q, 
and to the latter the power p. Suppose p and q to be 
both vertical and represent the 
instmment as seen in the direc- 
tion of the axis (Fig. 67). We 
have two parallel forces, p and q, 
acting at the extremities of two 
arms, o b, o a, of a lever. The 
condition of equilibrium is there- 
fore p • o B = Q • o A, or, if R 
and r be radii of wheel and axle, 




Fig. 67. 



p • R = Q • r. 



If the power does not act vertically but in the direc- 
tion of the tangent at another point, as p' (Fig. 67), 
then p''R is the moment of p' about o, and since p'r 
= p R, in this case also 

p'' R = Q 'r. 

81. Instead of a wheel, one or several levers, /, /, 
(Fig. 68), may be placed in the axle as in the 
windlass, 

82. When the axle is vertical, and the levers hori- 
zontal, the machine is termed a capstan (Fig. 69). 



Toothed Wheels. 

83. Several wheels and axles are frequently com- 
bined by means of spur wheels (Fig. 70). Several 
conditions must be satisfied in each pair of wheels. 
The teeth on each wheel must be equal to one another. 



and equally distant, and the teeth of one wheel Bhoald 
be of the same size, and ae far apart as those of the 
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wheel in contact with it. The number of t«eth will 
therefore be proportional to the circumferences or the 
radii of the wheels. 




Fig. 70. 

Suppose two such wheels to be in equilibrium with 
a weight w at the axle of the larger, and Wg at the 
axle of the former. Let the radii of the wheels be r^ 
and Rg, and let the radii of both axles be r. Also let 
p be the reaction between the wheels at their point of 
contact. 

The equilibrium of the larger wheel gives wfr=p*Ri. 

The equilibrium of the smaller . . Wa*r=p*R2. 

Wi Ri No. of teeth in larger, 
therefore tt;. = ft = 



Wa R2 No. of teeth in smaller. 

84. Sometimes the teeth are placed on a straight 
bar instead of a wheel. Such a toothed bar is termed 
a rack^ and the wheel in contact with it is called a 
pinion. 

The jack (Fig. 71), used for lifting great weights 
through a small height, is a rack and pinion. The 
rack is prevented from descending by a small wheel 
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Fig. 71. 

termed a rac/iet wheel (Fig 72), attached to the axle, 
and furnished with teeth inchned in the direetion oppo- 
site to that in which it is to more, and a caick I B, 
which falls between the teeth aa the wheel reToWes. 
The reaction of this catch i3 in the direction of the 
tangent to the wheel 
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Exercises. 

1. A weight of 30 lbs. balances a weiglit of 20 lbs. at the ex- 
tremities of a straight lever 15 feet long ; find the length of the 
urms. — Ans. 6 feet, 9 feet. 

2. The arms of a lever are 7 in. and 9 in. in length, and the 
weight 3 lbs. is attached to the shorter arm ; find the power. — 
Ans. 2 J lbs. 

3. If one end of a bar rest on a beam and a weight of 50 lbs. 
be suspended from it at one-fourth of its length from the beam, 
what power at the other end will snpport the weight, and what 
will be the presstire on the beam ? — Ans. 10 lbs., 40 lbs. 

4. A beam 44 ft. long is supported horizontally by two props 
at its extremities and produces a pressure of 4 lbs. on each prop ; 
where must a weight of 36 lbs. be placed that the whole pressure 
on one prop shall be 10 lbs. ? — Ans. 9 inches from one prop. 

5. When two weights, 15 lbs. and 5 lbs., are suspended at the 
ends of a lever, the fulcrum is 3 feet from the smaller weight ; 
where must the folcrum be when the weights are each increased 
5 lbs. ?—An8. 4 ft. from one end. 

6. The C. G. of a wheelbarrow and its load, which weigh 
100 lbs., is in a vertical line 18 inches from the centre of the 
wheel ; what power applied to the handles at a distance of 3 ft. 6 in. 
firom the centre of the wheel will just lift the barrow ? — Ans. 
30 lbs. 

7. A beam 12 ft. long balances about its middle point ; about 
what point will it balance if a weight equal to twice that of the 
beam be placed at one end ? 

8. A beam A B 10 ft. long and weighing 56 lbs. balances about 
a point 3 ft. from A. When a weight is placed at B, the beam 
balances about a point 1*4 feet from B ; find the weight. — Ans, 
14 lbs. 

9. The pressure on the fulcrum is 7) and the sum of the forces 
13 ; find their distance from the falcmm when the forces are 14 
inches apart. — Ans. 6 in. and 20 in. 

10. Find the true weight of a substance which, when placed in 
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one scale of a balance, seems to weigh 140 grammes, and in the 
other appears to weigh 154*35 grammes. — Arts. 147 grammes. 

11. If in a balance one arm be '98 of the other, and a body placed 
in the scale of the shorter arm balance 14*7 kilogrammes in the 
other scale, find the true weight of the body. — Ans. 15 kilo> 
grammes. 

12. The beam of a false balance is attached to one arm of a tme 
balance, and weighs 2 lbs. A body placed in one scale of the 
false balance requires a weight of 3 lbs. in the other, and then 
the whole weighs 7*3 lbs. ; find the weight of the body and the 
ratio of the arms. — Ans, 2*9 lbs. ; 30 : 29. 

13. The weight of a steelyard is 1 lb., the movable weight also 
1 lb., the point of suspension of the body 8 inches, and the C. G. 
cf the beam 3 in« from the fnlcrom; graduate the beam for 
weights from 1 to 12 lbs. 

14. What effect is made on the graduations by increasing the 
movable weight P 

15. With a wheel and axle a power of 8 lbs. sustains a weight 
of 12 lbs. ; what is the radius of the axle, that of the wheel being 
24 in. ? — Ans, 16 in. 

16. The circumferences of wheel and axle are respectively 
1 yard and 15 inches ; what power will sustain a weight of 
1^ tons? — Ans, 12*5 cwts. 

17. Find the pressure on the catch of a racket- wheel (Fig. 72) 
12 inches in diameter when it is attached to an axle 5 inches in 
diameter, sustaining a weight of 60 lbs. — Ans. 25 lbs. 

18. A capstan turned by two horses is used to draw in a boat ; 
the levers to which the horses are attached are 12 feet long, and 
the radius of the axle is 18 inches. When each horse is pulling 
with a force of 7i cwts., find the tension of the cord attarched 
to the boat. — Ans, 6 tons. 

1 9. A uniform bent lever, the weights of whose arms are 5 lbs. 
and 10 lbs., rests with the shorter arm horizontal, what weight 
must be attached to the end of the short arm that the lever may 
rest with the long arm horizontal ? — Ans. 37i lbs. 



' 85. A pnlley is a cir- 
cnlar disc of metttl or 

wood, capable of taming 
round an axis passing 
throngh its centre. Usu- 
ally a groove ia cut in 
tlie disc to keep a cord 
wtich passes over the 
pulley from slipping off 
(Fig. 73). Sometimes, 
however, the cord is 
replaced by a strap, and 
then the edge is convex 
(Fig. 74). 

The palley may be 
considered as a lever 
with equal arms, a o, 
o B (Fig. -75), so that 
forces p and ^ in equi- 
librium, at tlie extremi- 
ties of the cord, are 

Whether the two parts 
of the cord be parallel 
or not these forces are 
equal, so that if one end 
of the cord be attached 
to a dynameter (Fig. 
76), the indication of 
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Fig. 75. 




Fig. 76. 




Fig. 77. 



the instrument will be 
the same as if a weight 
equal to p were attached 
to it directly. A pulley, 
the axis of which is fixed 
in space (Fig. 73), is 
termed a^«<? pulley, and 
in mechanics serves the 
purpose only of changing 
the direction of the power. 
If the axis be movable, 
the pulley is termed a 
movable pulley. 

Let such a pulley with 
a weight q attached, be 
supported by a cord 
c B A D (Fig. 77), fixed 
at a point o, and having 
at the other extremity a 
force p. The cord b c 
exerts a certain pressure 
T on the fixed point c, 
and this point reacts 
with a force equal and 
opposite. The pulley is 
then supported by the 
three forces p, t, and q, 
which may be supposed 



to act at the points a b and o. That there may be 
equilibrium it is necessary that the directions of these 
forces shall meet in one point (§ 29). Let i be the 
point in the direction of q, in which p and t meet. 
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The triangles o a i and obi are eqnal in every respect, 
and therefore o i bisects the angle a i b. It follows 
that the forces p and t are equal, and, consequently, 
if we know the angle i, and the weight q, we can 
find p, or if we know p and the angle i, we can find 
Q. When the cords a d, b c are parallel, q is the 
resultant of two equal parallel forces, and therefore 
2 p ^ Q. In this case the pressure on the fixed point 
c is also equal to -^ q. 

Several movable Pulleys with separate strings. 

86. In this system of pulleys each movable pulley 
has a string of its own, one end of which is attached 
to the beam, and the other end to the next pulley, the 
power being applied to the free end of the cord passing 
over the highest pulley (Fig. 78). If we neglect the 
weights of the pulleys, and take t, t', t" to represent 
the tension of each separate cord, then 

T^Iq.,T = It=\q;T' = It = Iq 
and T" = P ; hence P = r Q. 

o 

If there be n movable pulleys, then P = — 'Q. 

If we are required to take into account the weights 
w V w" of the pulleys, then 

T = ^ (W+ Q) T' = .j(W' + T) P = ^ (W" + r) 

therefore if there be n pulleys 




Several movable FuUe^s in one block, the same 
string passing round all. 

87. In this case we eoppose the parts of the string 
between the pnlleye to be parallel. The tension of the 
string is the same throughout, and is equal to p ; hence, 
if, as in the figure (Fig. 79), there are three movable 
pulleys, siz parts of the string support the weight, 
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each bearing ^ ; hence p = |^ q. If there be n strings 
from the lower block 

p = i «. 

n 
The weight of the pulley will be taken into account 
bj adding it to q. 



Exercises. 

1. A moTable pulley supports a weight of 5 y' 3 lbs. and the 
two parts of the cord make an angle of 60° ; find the power. 

Three forces act at the point I (Fig. 77), it will be convenient 

to take moments about a point in the direction of one of them« 

Let B be the point chosen, then the moment of T about B 

isO. 

1 
The perpendicular from B on I as ^ A B. 

Since L A B I = 60° the triangle A B I is equilateral, and 

the perpendicular from B on A I = -^ A B. 

3 1 

Hence Px-AB=Qx "AB 

V3 1 

P X -^= 5V3 X 2 

therefore P = 5. 

2. Find the power which will support a weight of 611 lbs. 
with three movable pulleys, having separate parallel cords 
attached by one end to the beam, the pulleys taken in order from 
the lowest weighing respectively 7, 5, and 3 lbs. 
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611 
7 



309 
5 



^)^^8 The formula of $ 86 shows that the 

power will be found by adding the weight 
of the lowest block to the load Q, and 

^)^^^ dividing by 2 ; adding the weight of the 

^"^ next pnUey, and again dividing by 2 ; and 

so on for all the blocks. 

2)160 

80 

3. In the last example if the weights of the pulleys are 8, 
6, and 4, and P = 84 lbs., find the load. 

34 X 2 



68 
4 



64 X 2 Here the process is reversed, instead of 

128 dividing by 2, we multiply ; instead of 

^ adding the weights of the pulleys we sub- 

^^^ X 2 tract them, commencing with the highest. 

244 



8 



236 



4. What power will sustain 1 ton with a block and tackle, 
the block containing 3 sheaves (pulleys) ? —Ans. J ton. 

5. What is the weight of a block containing 4 sheaves, by 
means of which 20 lbs. will balance 140 lbs. ? — Ans, 20 lbs. 

6. If 4 movable pulleys are used with the arrangement repre- 
sented on Fig. 78, and the weights taken in order from the 
lowest, are 7, 3, 8, and 5 oz., find the power which will sustain 
a weight of 395 lbs.. — Ans. 30 lbs. 

7. In the above case, find the pressure on the beam. — Ans. 
448 lbs. 

8. Which would be the most advantageous arrangement of the 
4 pulleys ? . 

9. A man weighing 154 lbs. sustains a weight of 333 lbs. with 
3 movable pulleys, each having a separate string attached at 
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one end to tie beam. The puUeya weigh reapootiTely 3 lbs., 
2 Iba., audi lb. ; Bud the preesore eietted by the man on the 
floor on which he stands. — Am. 113i lbs. 

1 0. If the man in the ahove eiomple exerts a preseare on the 
floor of KTD lbs., what weight does he sastain F — Ans. TS9 lbs. 

11. Fmd the power which will anatain a weight of 90 Ibe. with 
a aingle movable pulley C, the cord making an angle of 60°.— 
Ans. 30^/3. 

12. Two pnlleys A and B Giod to a beam at a diBtanoe egnal 
to the diajneter of either of Uient, are naed with a movable 
puUej C of twice this diameter to support a weight Q. The 
cord is filed by one end to C, passes round A, then roond C, 
than round B ; find the power.— Jim. j Q. 

IS. With a system of pulleys in which a separate 
9 string passes round each pulley, and is attached 
by one end to the weight, show that if we neglect 
(he weights of the blocks the teneious in the diSer- 
gsare 

P, 2P, 4P, 8P, &0. 
and that W = P (1 + 2 + 2" + *o.) 

14. In the aboTe ayetem if there be n pnlleys 
W = P (2» — 1). 

15. If W = 146 Iba., A = 11 lbs., and B = 
2i lbs., find P.— Alls. 30 Iba. 

IS. If in this system there be 5 pulleys, and 
the ireights of the 4 moTabte blocks commencing 
with the lowest be 2, 3, 4, and 6 Iba., find the 
weight which will be suatained by a power of 
12 lbs.— Ans. 440 Iba, 

IT- Show that this arrangement poaseeaea the 
advantage over that represented in Fig. TS, that 
in the former case the weights of the blocks aasiat 
the power, and in the latter oppose it. 
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The Inclined Plane. 

88. If a body be pressed against a bard smooth 
surface, the resistance offered by the sarface will be at 
right angles to it. When therefore a body is placed 
on a smooth horizontal surface it may be supported, 
for the weight and the reaction may be in the same 
straight line, and if they be equal and opposite will then 
be in equilibrium. When, however, the plane is 
inclined, a third force will be necessary to produce 
equilibrium. 

Let M be a body of weight w, supported on a smooth 
inclined plane a b, by a force f, the direction of which 
meets the vertical through the C. Q-. of the body in the 
point 0. That there may be equilibrium, the forces 
must admit of a resultant b along the normal to the 
surface, hence they must be 
in the same plane as the x „^ 

normal. Take a line o d to 
represent the weight, and 
through D draw d e parallel 
to the force f and meeting 
the normal in e, then the 




sides of the triangle ode j,. gg 

represent the forces. 

^ ^ F DE ^ R EO 

Therefore - = ^^ and ^ = ^j^^ 

The sides of the angle doe are respectively perpen- 
dicular to the sides of the angle a, and, consequently, 
these angles are equal. The angle o e d is equal to the 
angle between the force f and the normal ; hence the 
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triangle o d e is determined when we know the weighty 
the inclination of the plane, and the direction of the 
force. There are two cases in which the solution of 
the triangle is very simple. 

ist. When the force p acts in a direction parallel to 
the plane. 

In this case the angle d b o 
is a right angle, and the tri- 
angle o D B is similar to the 
triangle a b c, the side d e 
corresponding to b c, and d a 
Fig. 83. to A B. 

Let 7i == B C, the height of the plane ; 
Z = A B, the length of the plane ; 
i = A C, the base of the plane ; 

F DE BC 




therefore 



A 



W DO AB 

2nd. When the force v is horizontal. 

In this case the angle 
ODE is a right angle, 
and o B D is similar to 
ABC, D E corresponding 
to B c and o d to A c. 
BC _ _^ 




Therefore 



Fig. 84. 

F 



DE 



W 



DO 



AC 



In all these cases the plane is supposed to be fixed. 
In the second case, instead of the plane being fixed 
and the body movable, the plane may be movable 
horizontally and the body vertically. In this case 
the horizontal force must be applied to the plane 
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(Fig. 84) inetead of to the body. The condition of 
eqnilibriam remains the same, uamelj, that 
F _ height 



The Wedge. 

89. A wedge is a triangular prism used as a movable 
IncHiied plane, and is employed to sepa- 
rate bodies that are nrged together by 
great pressures (Fig. 85). The resis- 
tances to be overcome act perpendicu- 
larly to the faces in contact with the 
body, and the force is usually applied , 
perpendicularly to the base ; hence a section 
of the wedge perpendicular to the faces snstaining the 
pressure is a triangle, the sides of which are perpen- 
dicular to the faces, and therefore, when there is equi- 
librium, proporirional to the forces. Let p be the 
pressure necessary to keep the wedge in its place, 
R the pressure on each face, b the breadth of the base 
of the triangular section, I the length of one of the 
equal aides ; the equation of equilibrium is therefore 

E ; 

In practice, however, the CriGtion betneen the snrfacee plays 
Boch ao important part, and is so large compared with the 
power, that the above proportion cannot be applied with any 
degree of accuracy. Again, the power nenallj employed with 
the wedge is not pressure bat percoseion, and we cannot accu- 
latelj state the relation between the force of a blow and tbe 
resistance it OTercomeB. Nevertheless one fact shown to be true 
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when friction is neglected is also fonnd to be tme in practice^ 
viz. that the more acute the angle of the wedge the more powerful 
is the instrument. 




The Screw. 

90. When an engineer wishes to 

make a road to the top of a very steep 

hill, he carries the road round the 

hill, making it ascend gradually. In a 

similar manner a path may be made 

frt)m the bottom to the top of a 

column by a winding shelf or ledge. 

Such an arrangement would be a 

screw (Fig. 86). 
Fig. 86. 

A screw may be considered as an inclined plane wound 
round a cylinder. 

The projecting coils are termed the threads of the 
screw. They may be square as in Fig. 88, or triangular 
as in Fig". 87. 

The distance between the upper edge of one thread 
and the corresponding edge of the next, measured on 
a line parallel to the axis, is termed the distance between 
the threads. The screw is usually connected with a 
concave cylinder termed a nut, on the interior surface 
of which a spiral cavity is cut, corresponding exactly to 
the thread of the screw which moves in it. 



THE SCREW. 




& 




Xlie Condition of EquilibTimn when a weig'lit is 
supported b^ a Screw. 

9 1 . Let the weight w be supported by a force p, applied 
at the circninference of a screw in a direction perpendi- 
cular to a plane through the axis. The arrangement 
is eqnivalent to an inclined plane acied on hj a hori- 
zontal force (Fig. 84). The condition of eqnilibrinm 
height 

Now suppose the screw to be unrolled from the cylin- 
der. The whole inclined plane thus formed will be similar 
to that portion of it which would go exactly once ronnd 
the cylinder. Let a b o be such a portion (Fig. 90). 



a this case -^^ ^ z- 
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Then a c is the circumference of the cylinder, b c the 
distance hetween the threads. Let Ac = c,BQ = d 

then ^ = — 
W c 





Fig. 89. 




Fig. 90. 



The screw is, however, rarely used without a lever. 
Let p be a power applied at the end of a lever, the 
length of which from the axis of the cylinder is /, and 
let r be the radius of the cylinder. Let p be a force 
applied at the circumference of the cylinder, which 
would have the same effect as f, then by the principle 
of the lever, pt = f*Z 

or P = F — 
r 

Substitute for p in the above equation, and remark that 

c = 2irr, therefore 

Fl d d ^ Yd 

T^ — = - = ^ — nence === = r — l 

Wr c 2irr W 2Trl 

or the power is to the weight as the distance between 

the threads is to the circumference of the circle 

described by the power. 

We may, therefore, increase the mechanical force of 

the screw, either by diminishing the distance between 

the threads or by lengthening the arm of the lever, or 

by both. 
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The screw is commonly used to exert presHure. TLe 
press represented in Fig. 91 is a familiar example. The 




npper beain supports the nut which is fixed. The head 
c of the screw, mociog in a socket fixed to the block 
D, is pierced for the insertion of levers. 

The screw is some- 
times associated with a 
spur wheel, and is then 
termed an endless screw, 
because the teeth of the 
wheel sacceed and replace 
each other as they ad- 
vance, so that they never 
arrive at the end of the 
screw. Fig. 9: 




COMPOUND HACHINEB. 



Compoond MacMnes. 

92. The simple macbmes admit of an endless varietj 
of comlnnations. 

Several IcTers maj be combined, so that the fore* is 
transmitted from one to the other (I^^. 66) ; a combi- 
nation of wheels and axles forms the crab in fig. 94 
and the mill of Fig. 55. 

The crane naed for lifting heavy weights consists of 
vheel and axle, and a morable poUej. a is the shaft 
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of the crane resting below on a pivot, and supported in 
the middle by a metal ring let into a, block of stone. 
The obliqne beams /(, vv, form the arm of the crane. 
Fig. 97 represents a crane with two arms. 




Fig. 94. 

The wheel and axle may be combined with the in* 
clined plane as in Elg. 95. 

The condition of equilibrium in a compound machine is 
obtained by finding the equations of equilibrium of each 
part and eliminating the unknownreadJons between them. 
For example, — Find the equation of equilibrium when 




Fig. 95. 

two weights Wj, w„ are supported on a doable in- 
clined plane by a cord passing over a pnlley at the 
common vertex of the planes. Let ab c, a' bo be 
the planes, let t be the tension of the cord. From the 
equilibrinm of w„ it follows that 



Wi ~ 


AB 






w, it follows that 


T 


BC 
A^ 




dividing the second eqnatio 
W, _ 


11 by the 
AB 
A^ 


first 
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108 EXERCISES ON THE INCLINED PLANE. 



EXESCISES. 

1. If the power represented by P act in a direction parallel to 
the plane, and support a weight W, solve the following : — 

1. W=100 lbs., height=3 ft., length=4 ft.; find P.— 

Ans. 75 lbs. 

2. W=122 lbs., height=ll in., length=5 ft.; find R.— 

Ans. 120 lbs. 

3. P=351bs., height=15in., length=27in.; find W.— 

Ans. 63 lbs. 

4. P=R ; find the inclination of the plane. — Ans. 45°. 

5. P=160 lbs., height = 32, base =255; find W.—Ans. 

1,285 lbs. 

6. W=14,267 lbs., height=72 ft., base=l,295 ; find P. 

—Ans. 792 lbs. 

7. A railway train, weighing 50 tons, is supported on 

an inclined plane, rising 1 ft. for every 50 ft. of 
length, by a rope attached to a stationary engine ; 
find the tension. — Ans. 1 ton. 

2. Solve the following exercises, the dii'ection of the power 
being horizontal :— 

1. W =« 15 ht =6 base = 9 find T.—Ans. 10. 

2. W = 36 ht =5 length =13 find T.—Ans. 15. 

3. P = 3-5 base =24 length =25 find W.—Ans. 12. 

4. W = 9 ht ==28 base =45 find 'R.—Ans. 10-6. 

5. P = i R ; find the inclination. — Ans. 30°. 

6. P acting parallel to the plane, or 2 P acting horizon- 

tally, will support W, find the inclination. — Ans. 60°. 

3. A weight of 2 P is supported on an inclined plane rising 
60 ft. in a length of 910 ft. by a horizontal force P, and a force 
F acting down the plane ; find F. — Ans. F = -J^'P* 

4. A uniform beam, A B, rests with one end, B, on an indined 
plane, 12 ft. in height, to 37 ft. of length, and the other end. A, 
on a horizontal plane, and is kept from sliding by a horizontal 
force, F, applied at A. The beam measures 20*2 ft. in length, 
and weighs 617*5 lbs. The end, B, is 12 ft. 4 in. from the foot 
of the plane ; find F. — Ans. 99 lbs. 
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Note. — Take moments about the point B, then if R = the 
reaction of the surface at A 

E X 19-8 = W X 9-9 + 4 F. 
Next resolve the forces in the direction of the plane 

(W— R) X 12 = F X 35 
then eliminate R between the two equations. 

5. If the inclination of the plane be 30°, and the power be 

inclined at an angle of 30° to the plane, find the ratio of the 

1 
power to the weight. — Ans. -j^ 

6. A weight is supported on an inclined plane by two forces, 
each equal to half the weight, one acting along the plane, and the 
other horizontally ; show that the inclination of the plane is 45°. 

7. The diameter of a screw is 7 in., and the distance between 
the threads one-fourth of an inch ; what power applied at the 
circumference of the screw will support a weight of 110 lbs. ? — 
Ans, 1-25 lbs. 

8. When the circumference of the screw is 12 inches, and 
there are three threads to the inch, find the weight which will 
be supported by a power of 10 lbs. — Ans. 360 lbs. 

9. In a common press the diameter of the screw is 6 in., the 
distance between the threads ^ in., and the length of the lever, 
measured from the axis, is 4 ft. ; what power will support a resis- 
tance of 352 lbs. ?--Ans. '7 lbs. 

10. If the circumference described by the end of the lever be 
10 ft., the power 10 lbs., and there be three threads in 2 in., find 
the resistance supported. — Ans. 1,800 lbs. 

11. If a screw be formed upon a cyHnder whose length is 
10 in., and circumference 4 in., how many turns must be given to 
the thread, in order that the power maybe one-eighth of the 
weight ? — Ans. 20. 

12. If the endless screw (Fig. 92) be moved by a handle 
which describes a circumference c, and the distance between the 
thread be d, then when a weight W, hanging from a cord round 
the axle joi the spur wheel, is supported by a power P at the 
handle— 

P d X radius of axle. 

W c X radius of wheel. 
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X.— PASSIVE BESISTANCES. 
Friction. 

93. In the preceding investigations we have dis- 
regarded the resistances arising from the roughness of 
surfaces, the rigidity of cords, and the presence of 
the air or water. We proceed to consider the effects 
of these resistances. 

No surfaces are perfectly smooth. When a body is 
laid on a horizontal surface, even though it be a surface 
of polished steel, some force is necessary to make the 
body slide. The resistance to be overcome in con- 
sequence of the roughness of the surfaces is termed 
friction. 

In order to show how to measure friction, let us 
imagine a plane c d movable about a point c, and 
resting on a screw a b, by means of which it can be 
gradually inclined. When o d is horizontal, place upon 
it a body of weight w, and then turn the screw a b. We 
may give to the plane a certain inclination without 
causing the body to slide down it. If we take a line 
o p to represent the weight of the body, we can decom- 
pose the weight into two other forces represented by 
p' o, p"g respectively, perpendicular and parallel to the 
plane. The first of these presses the body against the 
plane, and will be counteracted by the resistance of 
the plane ; the second tends to make the body slide 
down the plane, and will be counteracted by the friction 
between the two surfaces. 
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Ill 



Let F = the force of frictit)n, r = the reaction, 

then F = R X g^ (§ 88.) 

When the plane is horizontal the pressure on the 
plane is the whole weight, and the part p p' is o. As 
the plane is raised, p p' increases and p'g decreases, 

PF 

hence the ratio ^^ increases. There is, however, a 

limit to this ratio, for the plane will reach such an in- 

D 




Fig. 98. 

clination that the friction will not prevent the sliding of 
the body. The greatest angle at which the plane will 
support the body is termed the angle of repose. Sup- 
pose the plane to be inclined at that angle, and there- 
fore the body to be on the point of sliding, then the 

PF 
ratio -:5^ is termed the coefficient of friction. Let b c 

be taken a foot in length, then if we keep the same unit 

PP' AB AB 

-prrT = -gQ- ='"y~ ' hence the length of a b ex- 
pressed as the fraction of a foot is the coefficient of 
friction. Now it is a law of friction that so long as the 
substances composing the surfaces in contact remain 
the same when the body is on the point of moving, the 
ratio of the friction to the pressure between the surfaces 
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is the same. It is therefore always equal to the co- 
efficient of friction. It must be borne in mind that the 
coefficient of friction varies for different surfaces, and 
can only be determined by experiment in the way de- 
scribed above. Hence the first law of friction is as 
follows : — 

/. When the materials composing the surfaces in con- 
tact remain the same the friction varies as the pressure. 

Suppose, for example, that a block of wood having a 
hole bored in it, rests on a plane inclined at the angle of 
repose ; if lead be poured into the hole, the screw may 
be turned so as to incline the plane at a greater angle 
without causing the body to slide. By increasing the 
pressure we increase the friction. 

2. The friction is independent of the extent of the 
surfaces in contact 

' For example, in the case supposed above, the angle 
of i-epose will be found to remain the same whichever 
face of the body is placed in contact with the plane. 
This result may at first appear surprising, but on reflec- 
tion it will be seen that it is a natural consequence of 
the first law ; for if, in the second position, the points 
in contact be doubled, each bears only half the pressure, 
so that the friction at each point in the second case is 
half of that in the first, and the total friction remains 
the same. 

When the surfaces have been long in contact this 
rule does not hold. When pieces of timber are mor- 
ticed together iii building constructions, the parts 
acquire a force of adhesion and cohesion which is not 
proportional to the pressure. 



3. When the hody is m motion the friction is inde- 
pendent o/ihe velocity. 

The eBact of fiiction ia always to reaiat Uie moldoD of Ui« 
body ; hoDce, if the object of a. force be to move a weiglit, &ic- 
tioD opposes tbe power, bat if it be applied to keep a body at Test, 
a leM power will be sufficient thim if there were no Motion, 

Althoi^h friction in a macbine U a disadvantage, it is the 
aonrce of the efficacy of such instnunentB aa nails, pegs, wedges, 
&o., for when a wedge is driven into a eubstance by the force of 
percnasion, it woold rebonnd alter each blow bat for friction- 
Friction IB fi^qnently utilised when great reaiatances are 
required to prevent moUon. For eiBmple : — A boat carried in 
the current of a stream might be easily arrested by mafcing two 
or three turns of the rope attached to it round a tree or fixed 
object. 

When one aurface slidea on another the reaietance is termed 
sliding Motion ; when one rolla On the other, so that different 
points in each are brought into contact, the friction is termed 
rolling fiiction. With the same aurfacea and pressure shdmg 
bictioD is mucb greater than rolling fiiction On this account 
oarriagcs are suppbed with wheels, household tiimiture moTes on 





Fig. 102. 
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castors ; the shaft of the crane in Fig. 93 is supported by friction 
rollers (Fig. 99). 

When, as in descending a steep hill, it is advisable to check the 
motion of the carriage, the wheel is locked by a chain (Fig. 100), 
or by a break (Fig. 101), so that the friction may offer a greater 
resistance to the motion. 

For the same end, railway carriages are supplied with breaks, 
consisting of blocks of wood made to come into close contact 
with the hoop of the wheel by the action of a lever (Fig. 102). 

Exercises. 

1. What are the forces acting on a body which stands at rest 
on the side of a hill P 

2. A ladder, A B, has one end. A, on a rough horizontal road, 
and the other end, B, against a rough vertical wall ; what are the 
forces acting on it P 

3. A body will just rest on a plane inclined at an angle of 45° ; 
find the coefficient of friction. 

4. If the coefficient of friction be —7^, show that the inchna- 

tion of the plane is 30°. 

5. The height of a rough inclined plane is to the length as 3 
to 5, and a weight of 30 lbs. is supported by friction only ; find 
the force of friction. — Ans. 18 lbs. 

6. A weight of 100 lbs. rests on 9. horizontal plane, and the co- 
efficient of friction is '2 ; find the horizontal force which, will 
move the weight. 

7. A ladder 45 ft. long, rests with one end on a rough hori- 
zontal plane, and the other against a smooth vertical wall. The 
C. G. of the ladder is 25 ft. from the foot, and the ladder is 
on the point of sliding when the foot is 27 ft. from the wall. 
Find the coefficient of friction between the ladder and plane. 
— Av^. tV 

8. Show that when a body rests on a horizontal plane, the 
smallest pressure that will bring it into the state bordering on 
motion will act in a direction inclined to the horizon at an angle 
equal to the limiting angle of resistance. " 
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XI.— VIETUAL VELOCITIES. 

94. When a force p supports a resistance q by means 
of any machine, if by moving the power through a 
space s, the weight is brought through a space Sg, 
then P'Si = Q'Ss, or the spaces are inversely as the 
forces. This fact is frequently stated thus, — what is 
gained in power is lost in speed. 

We will prove this remarkable proposition in the 
case of the simple machines. 

The Lever. Let a b be a lever, of which c is the 
fulcrum (Fig. 103), and let a power p at a balance a 




Fig. 103. 

weight Q at b. Suppose the lever to move about the 
fulcrum, then a will describe an arc a a', and b an 
arc B b'. Let a a' = Sj and b b' = Sg. It has been 
proved that 

Q AC' 

but since the angles at the common centre c are equal, 
the arcs Sj and s^ are proportional to their radii, hence 

CB S3 

AC ^ Si 
and therefore P'S = QSj. 
When the displacement is small, the arcs may be 
supposed to coincide with their chords, and s^, 83 may 
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be taken as the linear displacements of the points 
A and B. 

Again, if s'l and s's be the vertical displacements of 
the pdnts a and b, they are respectively the heights 
of the similar triangles a c a' and b o b', and are pro- 
portional to the chords a a', b b' ; hence p's'j =^ q*s'j. 

A precisely similar demonstration would prove the 
principle for the wheel and axle. 

Pulleys, Let as take first the case in which the 
same cord passes round all the pulleys and the parts of 
the cord are parallel (Fig. 80). Let there be six 
strings to the lower block. Suppose the weight raised 
throught a height s^, then each of the six strings is 
shortened by s,, and therefore the power must descend 
through 6*Sj. 

Hence it follows that g- = -g^ = -r 

Now it has been proved that 

Z __ J: 
Q ^ 6' 

and therefore P'Si = Q'Sj. 

In the same way the principle may be proved, whatever 

the number of strings. 

Consider now the arranjg^ement in which each pulley 

hangs by a separate string (Fig. 78). Let there be 

three movabld pulleys. Suppose the weight raised 

through a height Ss. The lowest pulley is raised 

through the same height, the next pulley 2 St, the third 

pulley 4 Sa, and therefore the point at which the power 

acts is raised through 8 s,. 

Hence ^ ?L_ = ^ - 

Si 88 8 
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but it has been proved that — 

L = ^ 

Q « 

and therefore PSi = Q'Sg 
In a similar maimer the proposition may be established 
for any arrangement. 

The Inclined Plane, Suppose the power to act along 
the plane, then if 63 be the vertical space through 
which the point of application would be raised if dis- 
placed through a distance Sx in the direction of the 
plane, we should have by similar triangles 

Sg height 

Si length 

but it has been proved that 

P height 



Q length 

therefore P-Si = Q'S 
Suppose in the second place that the power acts 
horizontally. Here 

Si base 

Sj height 

and it has been proved that 

P_ height 

Q base 

therefore P'Si = Q-S,. 
From this case of the inclined plane it follows that 
the principle is also true for the screw. 

The cases examined are particular cases of a general 
principle termed the Principle of Virtual Velocities. 
The supposed small displacement of a point of applica- 
tion of a force in the direction of the force is termed 
its virtual velocity^ and the product of the force by 
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its virtual velocity is termed the virtual moment. The 
general theorem is stated as follows : — 

If any machine is in equilibrium under the action of 
a system of forces, and we conceive any small displace- 
ment of the machine consistent with the connection of 
its various parts, the algebraical sum of the virtual 
moments of the forces is zero, and if the sum be zero 
for all displacements the forces are in equilibrium. 



EXEBCISES. 

1. When a power of 20 lbs. is applied to lift a weight through 
2 in. the power descends through 3 in.; find the weight. — 
Ans. 30 lbs. 

2. With a wheel and axle a power of 14 lbs. balances 1 ton ; if 
the power descended through 80 in. through what height would 
the weight be raised ? — Ans. i in. 

3. When there are four movable pulleys in one block, how 
much string passes through the hands ia raising a weight 6 in. ? 
— -4715. 4 ft. 

4. With a block of three movable pulleys, how much cord 
would be required for a man to raise himself 30 ft. P — Ans. 210 ft. 

5. Show that, in order that the pulleys in Fig. 79 may revolve 
in the same time, the diameters of the lower block must be as 
the numbers 1, 3, 5, and those of the upper as the numbers 
2, 4, 6. 
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XIL— THE APPLICATION OF TRIGONOMETEY TO 
THE FOREGOING THEOREMS. 

95. If a b c be sides of a triangle, and a the angle 
opposite a, then a^ = b^ + (^ — 2bc cos a. Apply this 
to the triangle a c m (Fig. 20), then 

Ra = P+F« — 2FF-C0S A 

let angle AMB = a, then cos A = — cos a 

or R* = F + F« + 2F-F cos a. 

96. The sides of any triangle are proportional to the 
sines of the opposite angles; hence in the triangle 

AMG 

R ^ F __ F 

sin A ~ sin ACM "" sin AMG 

But since the sine of an angle is equal to the sine of 
its supplement, if we write (r f) for the angle between 
R and F we obtain 

R ^ F _ F 

sin(FF) (sinRF) "" (sin RF) 

If r', F, f' be forces in equilibrium (Fig. 17), then 
(rV) = 180* — (r f) and (r'f) = 180° — (r p) ; 

, , R' F F 

sin(FF) sin(R'F) sin (R'F) 

97. The projection of any line of length, a, on a line 
making with it an angle a, is a* cos a ; and the projec- 
tion on a line at right angles to the former is a* sin a ; 
consequently the result of 32 may be written thus — 

Ra= (§ Pcos a)* + (S P sin af 
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Where % P'cos a = Picos a + PgCOS aj+ &c., the 
sum of the projections of the forces Pi, Pg, Pg, &c. on 
a line with which they make angles ai, a^, a^, &c. 

If a is the angle between the direction of the 

resultant and the line of reference, since r is the hypo- 

tbenuse of a triangle, of which x and y are the sides 

. Y S P'sin a 
tan a = — or — t^ 

The conditions that the forces shall be in equilibrium 
is therefore — 

SPcosa = SPsina = 



Exercises. 

1. Two forces of 25 lbs. and 30 lbs. act on a point at an angle 
whose cosine is g ; find their resnltant. — Ans. 45 lbs. 

2. The resultant of two forces acting on a point is 536 lbs., 
and makes angles of 52° 37' 47" and 37° 59' 43" with the forces ; 
find the forces having given sin 52° 37' 47" = '7947, sin 37° 59' 43" 
= •6156.— Arw. 426 and 330. 

3. Two forces of 53 lbs. and 32 lbs. acting on a point have a 
resultant of 75 lbs. ; find the sine of the angle between them. 
—Ans. ii, 

4. The resnltant of two forces F and Q is equal to F, show 

that the cosine of the angle between them ia ( — ~J\ 

5. Three forces, 9, 12, and 15 lbs. respectively, act upon a 
point and keep it at rest ; having given that sin 126° 52'= f , find 
the angles at which the forces are inclined to each other. — Ans. 
90°, 143° 8', 126° 52'. 

6. One of two components is double the other, and the resultant 
is equal to half their sum ; find the cosine of the angle between 
them. — Ans. — fj. 
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7. Prove that, if B makes angles of a and $ with F and Q, 

B = Pco8a + Qco8i3 
= Psiiio — Qsin/B 

8. ABODE IS a cord fixed to two points A and E. At B, C, 
and D, weights P, Q, B, are suspended. Take any vertical line 
and any point not in the line. From O draw lines to the vertical 
line parallel to the parts of the cord, and show that these lines 
represent the tensions in the parts of the cord, and the parts of 
the vertical intercepted by them represent the weights. 

9. From the preceding construction, show that if the cords at 
B make angles a, a' with the vertical, at C angles /3, jS', and at D 
7, y, then 

P _ Q _ B 

cot a+ cot a' "" cot jB + cot jB' "" cot 7+ cot 7' 

10. When two forces P and Q act at an angle 0, their resultant 
is5<y (P*+Q2) ; but when they act at an angle 90° — 0, the 
resultant equals 3>/ (P*+ Q*) ; find 0. — Ans, Ton = J and .*. 
= 18° 26'. 

11. A line B D bisects an equilateral triangle ABC; forces 
act along the lines A D, D B, A B as follows : 4 lbs. from A to D, 
6 lbs. from D to B, 8 lbs. from A to B : find the resultant. — 
An8» The resultant passes through the middle point of D B and 
makes with D B an angle of 31° 45' 

(sin 31° 45'= -5262139). 

12. Three weights, of 4, 5, and 6 lbs. respectively, are suspended 
oyer the circumference of a circular hoop, by three strings knotted 
together at its centre ; determine the relative positions of the 
strings when the hoop supported at its centre remains horizontal. 
(The moments of forces at two points about the diameter con- 
taining the other are equal.) — Ans, 97° 11' (sin .= '99215); 
124° 14' (sin = -82675) ; 138° 35' (sin = -66153). 

13. A and B are two given points in a horizontal line 1 foot 
apart ; to A a string A C is fastened = j^ A B ; to B another string 
is fastened which, passing through a ring at G, supports a weight 
W at its other extremity ; show that B C = '638 j A = 32° 82' 
(cos = -8429) ; B = 90 — 2 A. 

14. A and B are points 14 inches apart in a vertical wall, to 
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which are attached the extremities of a cord A C D B. At C a 
weight of 11 lbs. is attached, and at D another weight W. AG 
= 6 in., C D = 7 in., and D B = 8 in. What must be the weight 
of W in order that C D may be horizontal ? — Am, 3 lbs. 



Parallel Forces— Couples. 

98. A couple consist? of two equal parallel forces 
acting in opposite directions. 

The perpendicular distance between the directions of 
the forces is the arm of the couple. The tendency of 
the couple is to turn the arm about an axis perpen> 
dicular to the plane of the couple at the middle point 
of the arm. This line is usually termed the axis of 
the couple. The effect of the couple will not be 
altered by any change which leaves the moment about 
the axis the same. 

Take any point in the plane of the couple p p, and 
let x^ be the distance of the point from the direction 
of one force, x^ the distance from the other. Also let 
a be the arm of the couple. 

If the point be without the couple, the moment of 
the couple about the point 

= p a?i — P iCa = P (a^i — x^ = p* a. 

If the point be between the forces, the moment 
about the point 

= p iCi 4- p ayg = P (iTi 4- a^s) == P' «• 

The moment of a couple about all points in its plane 
is therefore constant, and two couples are equivalent 
when their moments are equal; hence the following 
proportions will be easily established : — 

1. A couple may be turned in its own plane through 
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aDj angle about any point in its own arm, without 
altering its statical effect. 

2. A couple may be moved parallel to itself without 
altering its statical effect. 

3. Two couples are equivalent if their moments are 
equal and in the same direction. 

4. The resultant of any number of couples acting in 
the same plane or in parallel planes is a couple the 
moment of which is the algebraical sum of the moments 
of the couples. 

99. To find the resultant of two couples not in the 
same plane. 

For the given couples substitute equivalent couples, 
p p, Q Q, having for common arm a portion m n of the 
line of intersection of the two planes. Find the 
resultant r of the forces p and q at m and at n. Since 
the forces at m are equal and parallel to those at n, the 
resultant at m is equal and parallel to that at n, and 
the resultant of the two couples is a couple whose 
moment is b X tins. 

Now, since all the couples have a common arm, their 
moments are proportional to the forces. 

At any point whatever o, draw a line o^ perpen- 
dicular to the plane of p p, and representing, according 
to a certain scale, the moment of p x m n. From the 
same point draw o q perpendicular to the plane q q, and 
representing, on the same scale, the moment q x m n. 
Complete the parallelogram opqr, it will be similar to 
the parallelogram m p q, and therefore o r will be the 
perpendicular to the plane r r, and will represent on 
the chosen scale the moment of the resultant couple. 

Hence, if two straight lines, drawn from the same 
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point, have the directions of the axes of two couples, 
and are proportional to the moments of the couples, 
the diagonal of the parallelogram on these lines drawn 
through the point has the direction of the axis and the 
magnitude of the moment of the resultant couple. 

Hence the laws of the composition and resolution of 
couples are similar to the corresponding laws of forces, 
the axis of the couple corresponding to the direction of 
the force, and the moment of the couple to the magni- 
tude of the force. For example, if l and m he the 
moments of the component couples, a the moment of 
the resultant, and 6 the angle hetween their planes, 
then G* = l' + M* + 2 L M cos 6. 

EXE&CISES. 

1. Three equal forces act along the sides of an equilateral 
triangle taken in order; show that they are equivalent to a couple 

whose moment is ^^ • P • a. 

2 

2. Three parallel forces, P, 2 P, and 3 P, act at the angular 
points ' of an equilateral triangle ; determine the lines along 
which they act when there is equilibrium. 

3. Three forces act along the sides of a triangle and are pro- 
portional to the sides ; show that they are equivalent to a couple 
whose moment is equal to twice the area of the triangle. 



The Beactions of SurfiEices. 

100. When the forces act at different points in a 
body, the following summary of facts should be borne 
in mind : — 

1. When two forces are in equilibrium they must act 
in the same straight line. 
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2. Wlien three forces not parallel are in equilibrinm 
their lines of direction must meet in a point. 

3. Eeactions of surfaces are perpendicular to the 
surfaces. 

4. When there are two unknown forces an equation 
may be found containing only one, either by taking 
moments about some point in the other, or by resolv- 
ing the forces in a direction at right angles to' this 
other. 

5. When there are three unknown forces two equa- 
tions may be found, from which a force not required is 
excluded by resolving in a direction perpendicular to 
that of the force, and by taking moments about a point 
through which this unknown force passes. 

Example. A uniform beam a b is placed with one 
end A inside a smooth hemispherical bowl and a point 
D in it resting on the edge of the bowl ; find the in- 
clination of the beam. 

Draw the di&meter an and join nd; then adn 
being the angle of a semicircle is a right angle. The 
reaction r of the edge of the bowl at d will therefore 
be in the direction d n, and the reaction r' of the bowl 
at A in the direction an. A vertical line therefore 
drawn from n will pass through g the C. G. of the 
beam. 



Fig. 104. 
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Let C AD= e, then GDA = e, and CDN=90"— 

N C D = 26, and N C G = 90« — 2 e. 
LetCA = r AG = a. 
Eesolve the forces horizontally. 
Take a line on C A to represent E' and its projection 
on C D = R' cos C = R' cos 2 0. 

Take a line on D N to represent R and its projection 
on C D = R • cos C DN = R • sin 0. 
Hence R • sin '= R' • cos 2 0. 
Now take moments about G. 
The perpendicular from 

GonAN = AG sin 6; 
hence the moment of 

R' = Wa sin 0. 
The moment of 

R about G = R • G D ; 
but GD = A D — A G = 2r cos e — a. 
Hence B!a • sin 6 = R (2r cos d — a). 
Multiply this and the previous equation together, and 
R r' go out ; therefore 

a sin '6 == cos 2 6 (2r cos — a) 
hence reducing 

4r cos *d — a cos 9 — 2r == 0. 



Cose 



= ± ± ^(^ + 1] 
2r V4r2 2 J 
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Exercises. 



1. A sphere of weight W rests on two planes inclined at 
angles a and jS to the horizon ; find the normal pressures on 

the planes. — Ans. On the first - — — ; on the second 



sin a + i3 
W sin a 



sin (o + jB) 

2. A wire is bent into the form of a quadrant, placed with a 
radins O A horizontal and a radius O B vertical over a small 
pulley at A ; a cord is passed supporting two weights, one P 
hanging freely, and the other 2P in the shape of a ring capable 
of sliding along the wire; find the arc from A to 2P. — Ans, 
65° 4'. (Cos. 32° 32' = -84307.) 

3. A uniform beam rests on two planes inclined at angles 

a and jS to the horizon ; find the inclination of the beam to the 

horizon, and the pressures on the planes. — Ans, tan = 

sin (jB — a) , W sin jB W sin o 

H = — ; — : : B. = 



2 sin a — sin j8 sin (a + 0) sin (a + fi) 

4. If in Figure 104 2 a = 3r, find AD.— 2»w. 1*838 x r. 

5. Two spheres rest upon two smooth inclined planes and 
press against each other; determine the inclination to the 
horizon of the line joining their centres. — Ans, If a j8 be the 
angles of the planes, W W the weights of the spheres, and B 
the inclination of the line joining the centres tan 6 = 
W'cota — Wcota' 

W + W 

6. A uniform beam A B whose weight is 50 lbs. rests with 
one end B on the top of a vertical wall the height of which is 
half the length of the beam, the other end A is on the horizontal 
plane A D, and is prevented from sliding by a string D A equal 
to f of AB; find the tension of the string. — Ans, 14*4 lbs. 
(Besolve horizontally and take moments about A.) 

7. A beam A B 10 ft. long, weighing 10 lbs. a foot, has a 
string AC 10 ft. long attached to the lower end A, and tied to 
a ring C, and at the other a string which passes through the 
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ring and bears a weight of 50 lbs. ; find the inclination of the 

7 
beam. — Afis, cos. = V-^" • (Take moments about A and re- 

o 

solve perpendicularly.) 

8. A rod A B weighing 1 cwt., whose C. G. is 5 ft. from 
the end A , rests against a smooth vertical wall, and on a prop 
which is 3 ft. from the wall ; find the inclination of the rod and 
the pressures on the wall and prop. — Ans. cos = X/l'^, the 
pressure on the prop = * %/l * 6, and on the wall V ( V^ * 7 — !)• 

9. At what point of a tree must a rope of given length a 
be fixed so that a force at the other end may have the greatest 

tendency to overturn the tree ? — Ans. At a height -r-^ . 



Mechanical Powers. 

101. All kinds of levers, bent and straight, may be 
regarded as bodies capable of moving aboat a fixed 
axis; and the condition of equilibrium is, therefore, 
that the sum of the moments of the forces is zero. 

In the general case of the inclined plane (Fig. 82), 

the triangle o h e, which has its sides proportional to 

the forces w, p and r, has one angle doe, equal to a, 

for it is contained by sides perpendicular to the sides of 

the angle a. If the force p make an angle <p with 

the perpendicular to the plane, the angle hob 

= 180° — 0. 

F^ _ sin OEH _ sin a 
Now ^ — ^i^-jJog — ^^ 

K_ __ sin OHE _ sin (<p — a) 
W "~ sin HOE "" iiiT^ 

When friction is taken into account we have an addi- 
tional force equal to /x r, acting up or down the plane 

K 
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according as the body is on the point of moving down 
or up. By resolving the forces along the plane, and 
perpendicular to it, we obtain two equations to deter- 
mine F and R. 

Thus, along the plane 

w gives w sin a down the plane, 
Friction gives + /* R up or down 
and p gives — f sin ^ up the plane. 
And perpendicular to the plane 

w gives w cos a downwards, 
R gives — R upwards, 
p gives — p cos upwards. 
Hence w sin a + /* R — p sin ^ = o, 
and w cos a — r — p cos ^ = o. 
Example, A mass of wrought iron weighing 
100 lbs. would just rest on a plane of oak inclined at 
an angle of 32** ; if it rest on a plane inclined 20°, find 
the greatest pressure p which may act on it at an angle 
of 10° to the plane, without moving it up the plane. 

The tables give the coefficient of friction == tan 32** 
= •625 

sin a = sin 20° = '342 ; cos a = *94, 
sin <p = sin 80° = -985 ; cos = '174. 
Hence the above equations become 

100 X -342 — -626 r — p x -295 = o, 
100 X -94 — R — F X -174 = o. 
Eliminating r we have f = 28 lbs. 
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EXEBCISES. 

1. Two tmiform rods forming a right angle are suspended from 
the right angle. If one be 18 in. and the other 24 in. long, find 
the inclination a of the shorter to the horizon. — Ans, 
tan a = 2^. 

2. In the above, if the shorter rod = 2 m, and the longer 2 Uj 

show that 

w' + 2 mn 



tan a = 



n^ 



3. A lever A B, of weight W, moving abont a hinge at A, is sup- 
ported by a cord tied at B, and passing over a pulley C. To the 
other end of the cord is attached a weight = 3 W. The length 
of the beam, the distance of the hinge from the vertical plane 
containing the pulley, and the height of C above the plane con- 
taining A, are equal to one another, show that if the beam makes 
with the horizon an angle a, and the cord makes with the ver- 
tical an angle /S, then 

cos (jS + a) = ^ cos o = cos jS — sin $. 

4. ABC is a bent lever, forming an angle of 150°; AB is 
21 in., B G 35 in. long ; weights of 28 and 24 lbs. are suspended 
from A and C ; find the inclination of the arms to the horizon. 
— Ans. The shorter arm 18° 22' above (sin == '315), and longer 
arm 48° 22' below (sin = -7474). 

5. A weight W is supported on a smooth inclined plane by 

three forces, each equal to ^ W, which act one vertically upwards, 

another horizontally, and the third parallel to. the plane; find 

d 
the inclination of the plane. — Ans, tan o ~ *^ ^^^ therefore 

e = 53° r 48". 

6. A uniform beam A B, of weight W, rests with one end A 
on a horizontal plane A C, and the other end on a plane C B, 
whose inclination to the horizon is 60°. If a string C A equal 
to C B prevent the beam from sliding, what is the tension ? — 



4 
(Take moments about A and resolve horizontally.) 



Ans^— W. 

4 
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7. A tmiform beam A B rests with the npper end B on a prop, 
and the lower end A attached to a string, which after passing 
over a pnlley C bears a weight equal to one -third that of the 
beam; find the position of equilibrium. — Ans. If fl be the incli- 
nation of the beam, and {0 + fi) that of the string A D, then 
cos = f sin iS. 

8. Weights of 40 lbs. and 50 lbs. are attached at the extre- 
mities A B of a light rigid rod A B, 17 ft. long, which is sup- 
ported by a cord 19 ft., tied at both ends of the beam, and passing 
over a small pnUey O ; find the position of equilibrium. — Ans. 
A O = 10-5 ft. ; B = 8-4 ft. ; sin -^O = ^?^, and the 
vertical through O bisects the angle O. 

9. If on an inclined plane the pressure, force and weight be as 
the numbers 28, 17, and 25, find the inclination of the plane 
to the horizon, and of the force to the plane. — Ans. 36° 52' 12*. 

(sin = 6) and 28° 4' 15" (cos = ^) 

10. A weight of 100 lbs. is sustained on a rough plane, inclined 
at an angle, and by a force F inclined at an angle fi to the plane ; 
if the greatest angle at which the body would rest is 45°, find 
the limits between which F must lie. — Ans. between 

Csin a + cos o\ / sin o — cos a\ 
2 and 100 f ^ :~~i) 
cos fi J \cos $ — sm jS/ 

11. A ladder rests against a vertical waU, to which it is 
inclined at an angle of 45° ; the centre of gravity of the ladder is 
at I the length from the foot. The coefficient of friction for the 
ladder and plane is }, and for ladder and waU |. If a man whose 
weight is half the weight of the ladder ascend it, find to what 
height he will go before the ladder begins to slide. — Ans. J| of 
the length. 

(Resolve horizontally and vertically, and ta^e moments about 
he foot.) 
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DYNAMICS. 



I.— MOTION. 

1. The examples of motion which constantly recur to 
our observation are very varied. Sometimes a body 
moves in a straight line, as when it falls freely to the 
earth. Sometimes it describes a curve, as when it is 
projected in a direction not vertical. Sometimes the 
body turns and retraces its path, as is the case with 
the ball of a pendulum. The velocity with which the 
body moves, and the nature of the forces which pro- 
duce motion, are other elements admitting of endless 
variation. It will evidently be necessary, therefore, to 
consider some of these circumstances of motion apart 
from the others. For example, it will be convenient 
to consider, first, the conditions of motion of a body 
independently of its size and shape, and, making an 
abstraction of these properties, to consider the motion 
of a very small particle of matter or a material point. 

2. Before investigating the effect of forces in pro- 
ducing or changing the motion of bodies, it will be 
convenient to consider the motion of a point inde- 
pendently of the forces which produce it. This branch 
of mechanics has been termed ciiiematics; and then 
the term dynamics is restricted to the science which 
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investigates the relations which exist between the forces 
and the motion they produce. 

3. When a moving point or particle is in motion, 
the line containing all its successive positions is termed 
the path of the point. The path may be a straight line 
or a curve. 

4. The motion of a particle is not sufficiently defined 
by the path it describes. The particular points in the 
path occupied by the moving particle at different instants 
must also be known. For example, railway time-tables 
determine the motion of a train when they give the 
time at which the train arrives at the several stations. 

Suppose a particle to move on a' given path mn 
(Fig. 105), its motion is defined in the following 




manner. A fixed point o is chosen arbitrarily to serve 
as the origin from which the lengths of the arcs of the 
curve are measured. The position of a point a is 
indicated by the lengths of the arc o a. Arcs measured 
in one direction o n are considered positive, and arcs 
measured in the opposite direction o m are negative. 

5. The motion of a point is said to be uniform when 
the point passes over equal spaces in equal times. 

In the case of uniform motion the velocity of the 
moving point is constant, and is measured by the length 
of path passed over in a unit of time. This length is 
usually expressed in feet, and the time in seconds. 
Frequently, however, other units are chosen; thus, a 

"^.in may proceed with a speed of 40 miles an hour, 
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a ship may sail with a speed of 10 knots an hour. 
Velocity expressed in other units may, however, be 
readily reduced to feet per second. For example, 
1 mile an hour = 1^ ft. per sec. 
The velocity is variable when the lengths of the path 
described in equal times are not equal. 

6. The length of path described in a certain time 
divided by the time is termed the mean velocity for that 
portion of the path. 

7. Variable velocity at any instant is measured by 
the mean velocity for an infinitely small space com- 
menced at that instant. 

It is the space the body would describe in a unit 
of time if from that particular instant the velocity 
remained constant. For example, a horse may travel 
from one place to another with a variable velocity ; but 
we may say that at a particular instant he is running 
at a speed of 20 miles an hour. We mean that for a 
small distance he moves with a speed which, if main- 
tained for an hour, would carry him over 20 miles. 

Direction of Velocity. 

8. Let A a' be points near together on the path. 
The arc a a' differs but little from a straight line. Let 
the straight line a a' be produced to b. The direction 
A B has two points in common with the curve. When 
the points are indefinitely near, the line is called in 
geometry a tangent to the curve. This line is the 
direction of the motion of the particle at a. Hence the 
direction of the velocity of a moving particle at any 
point is the tangent to its path at this point. 
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The magnitude of the velocity will be represented by 
taking on a b a length a g, equal to the space which 
the particle would describe in a unit of time if it tra- 
versed the line ab with a uniform velocity equal to that 
which it had at the point a. 

Thus, if be the time the particle takes to pass over 
the small arc a a', a o = 

e 

Hence the tangent ao represents the velocity in 
direction and magnitude. 

If the path be a straight line the direction of the 
velocity is that of the path. 



Graphic representation of Motion. 

9. It is frequently very useful to represent the pro- 
perties of the motion of a point by means of lines. 

The motion of a particle along its path is determined 
when its distance from a fixed point on its path is 
known for every instant of time, and this is always the 
case when we can express the relation between the space 
s and time t. This relation may be represented by 
a line. 

Let M N be the path (Fig. 105), o the fixed point from 
which arcs are measured, a the position of the particle 
at the end of time t; oa will be the corresponding 
value of s. Draw two straight lines at right angles 
A X, AY (Fig 106) ; choose a unit of length to repre- 
sent a unit of time ; set off along a x a line a e to 
represent, according to the scale chosen, the time t. 

At the point e draw a straight line e f parallel to 
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A Y ; take a certain scale of lengths to represent units 
of space, and set off along s f a distance e f = s. 




If the construction be repeated at different instants, 
for every value of t set off along a x there will be a cor- 
responding value of 8 set off on a line parallel to a y ; 
and to every point a in the path of the moving particle 
will correspond a point f in the plan. The successive 
points will furnish a continuous line, which will repre- 
sent the law of movement. We will term this line the 
curve of spaces. Lines measured on ax are termed 
abscissas, and lines parallel to a y are called ordinates. 

The arc s may be positive or negative according as a 
is to the right or left of o. The positive arcs are 
represented in the plan by ordinates above o x, and the 
negative arcs by ordinates below. The point o corres- 
ponds to ^ = o, that is, to the instant from which the 
time is reckoned. 

Time anterior to this instant will be considered nega- 
tive, and will be represented by lines from a to the 
left. 

With these conventions, all the circumstances of the 
motion of the particle may be determined by an in- 
spection of the curve of spaces. Suppose, for example, 
that the figure (107) represents the curve of spaces for 
a particle moving in a straight line. 



138 



REPRESENTATION OF MOTION. 



3 



IW 




A 1 ^ 3 4 6 7\F 




. Fig. 107. 



p represents the zero point o, from which the spaces 
are measured. The particle returns to o in the time 
represented by p q, that is, in 8 seconds. The instant 
from which the time is taken is not that at which the 
particle is at o, but at an interval represented by Ap 
after this time. 

Let M N be the straight line along which the particle 
moves (Fig. 108), and let the point o be that from which 



m 



• 'l — I . ' il l 



N 



Fig. 108. 

its distance s is measured. Then o corresponds to the 
points p and q on the curve of spaces. 

It is easy to find on the path m n the position of the 
particle for every other value of the time t comprised 
between the limits of the curve, that is, from — 3 to 
+ 8 seconds, or, in all, a period of 11 seconds. 

Take on the left of 0, 
Oa'= the ord. at a 
Ob'= „ h 



>» 
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Take on the right of 0, 



d' = the ord. at d 


li — the ord. at h 


0^ — „ e 


Qi - 


Of = „ / 


ojd — „ h 


0^- „ g 


or — „ I 



The points a! b' to m! are the successive positions of 
the particle at the end of each second. The points p 
and q at which the curve intersects the axis a x give the 
instants at which the particle passes the point o. The 
greatest ordinate is that at g corresponding to the time 
3 seconds. This indicates that the particle changes its 
direction at ^ and returns upon its path. 

The velocity of the particle at any point may also be 
found from the curve of spaces. Let it be required, for 
example, to find the velocity of the particle at the point 
/' of its path. At the point / draw a tangent /t to 
the curve, and a line / s parallel to a x cutting the 
ordinate at g in the points t and s ; then s t represents 
the velocity at the point/'. 

Now if from the point / the velocity were uniform, 
the space passed over divided 
by the time would be constant. 
Let t' be a point on the curve 
infinitely near to /, t is also a 
point on the tangent. Let fs' 
represent the infinitely small in- 
terval of time in which the par- 
ticle passes over the infinitely 
small space s' if (Fig. 109); then 

g V . s' . 

is the velocity, but -^r-V = — :: — ; hence 




s't' 



ST 



fs' 



/B' 



/s 
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ST is the space passed through in the time /s. Bat 
/ 8 represents the unit of time, consequently s t is the 
space through which the body would pass in the unit 
of time, provided it kept throughout this time the 
velocity it had at the commencement. 

If this construction be made at the point g where 
the tangent to the curve is parallel to a x, it gives the 
velocity zero, indicating that the particle at ^ in its 
path stops for an instant, and the motion then becomes 
retrograde. At a point h beyond the point ^ the 
tangent would cut the ordinate below the parallel to 
AX, showing that the velocity is then negative. This 
is the case whenever the motion is retrograde. 



Curve of Velocities. 

10. Suppose that the curve of spaces b o d e f has 
been traced. 

The velocity of the moving point on its path at a 
particular instant is given by a certain length parallel 
to the axis a t. This line represents on the scale of 
lengths a space described in a unit of time with the 
same velocity. 

We may take these lengths representing velocity to 
construct a second curve such that the ordinates in- 
dicate the velocity of the moving point just as the 
ordinate of the first indicated the arcs described. 

Let us take any ordinate m p (Fig. 110) and construct 
the velocity q r corresponding to the instant < == o m. 
Measure on m p a length up = q^'r. Repeat this con- 
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Fig. 110. 



struction for a number of points, and a line is obtained 
hcd efg^ which will be the curve of velocities. 

The inspection of this curve shows that the velocity 
is positive from the point h to the point c, that is to 
say, from the instant t = — a J to the instant 

t = + AC. 

During this period the movable point displaces itself 

in the positive direction on its path. The points 

& and e are the projections on the axis of the points 

B- and B on the curve of spaces, corresponding to a 

maximum or a minimum value of the ordinate. At the 

instant indicated by t = Ae the direction of motion 

changes. The velocity is a maximum at the point i, 

that is to say, at the instant < = — ah. At that 

instant the curve of spaces gives s == + hi, and at 

the point i is a change of inflexion. When t is greater 

than A e the velocity is negative and the motion 

retrograde. 

We have seen how the curve of velocities can be 

deduced from the curve of spaces ; we will now show 

how the inverse problem may be solved. 
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Given the Curve of Velocities to construct the 

Curve of Spaces. 

11. Let amefhe the curve of velocities (Fig. 111). 
We may consider the movement of the point to 
commence at any instant whatever. For example, 
let the point be supposed to start at the instant de- 
fined by the abscissa t = — a a. Let us divide the 
axis of the time, commencing at a, into equal parts 




Fig. 111. 



which are infinitely small. Each part will represent a 
time 6 indefinitely short. At the points of division 
draw the ordinate s of the curve which will represent 
the successive values of the velocity at the instants 
defined by the following values of the time — 

( — Aa + 0), ( — Aa+ 20), ( — Aa+ 30), &c. 

Let V be the ordinate for a certain value t of the 
time. This ordinate v represents the velocity at that 
instant, that is, — the space that would be described if 
the velocity continued uniform during a unit of time. 

The space described by the moving point on its path 
during the time 0, will be the product v 0. Now this 
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product is represented on the figure, for if m m= v, 
and M N = 0, it is the area of the rectangle, m n. 
The smaller we make 6 the more nearly this rectangle 
approaches the area comprised between the arc of the 
curve, the axis of the time and the two ordinates m m, w n. 
Each one of these infinitely small areas represents 
therefore the space described, by the moving point on 
its path during the same time 0, commencing at the 
instant defined by the corresponding abscissa. 

The negative values of the velocity indicate retro- 
grade motion; we ought, therefore, to consider as 
negative the areas corresponding to negative ordinates. 
Hence, taking the signs as thus defined, the algebrai- 
cal sum of all these elements of surface from any point 
a to any point m, that is to say, the area of the curve 
of velocities will represent the distance of the moving 
point from the starting point t = — A a to the instant 
t = + A M, or in other terms — 

The successive areas of the curve of velocities start- 
ing from any point whatever, a on the axis A x, will 
represent in magnitude and in sign the total and the 
successive displacements of the moving point on its 
path, commencing from the point which it occupies 
at the instant defined by the abscissa at the point a. 

The problem, therefore, resolves itself into finding 
the areas of curves. Whenever the line is one of those 
for which geometry furnishes a method of finding the 
area, as, for example, a straight line, circle, para- 
bola, &c., we can readily construct the curve of veloci- 
ties from the line of spaces. When the curve does not 
belong to a known type we must resort to approxima- 
tions. 



144 BEPRK8ENTATI0N OF MOTION. 



Curve of Accelerations. 

12. The velocity is a magnitude which generally 
varies with the time, and the rate of variation of the 
velocity is a new property of the motion termed the 
acceleration. It may be uniform or variable. When 
the velocity increases uniformly the acceleration is the 
velocity added in a unit of time. 

When the increase of velocity is not uniform^ the 
acceleration at every point is the velocity which would he 
added in a unit of time^ if the velocity continued to 
increase at the same rate throughout this time. 

We might represent the law of acceleration, as we 
have indicated the law of velocity, by a curve of acce- 
leration in which the ordinates are proportional to the 
accelerations. 

Such a curve may evidently be deduced from the 
curve of velocity in precisely the same way as this 
curve was deduced from the curve of spaces, namely, 
by drawing tangents at the diflferent points in the 
curve. Similarly, as the curve of spaces can be obtained 
from the areas of the curve of velocities, so the curve 
of velocities can be found by taking ordinates propor- 
tional to the areas of the curve of acceleration. The 
investigation of this curve may be left with the 
student. 
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XJnifonn Motion. 

13. When the motion is unifonn the velocity v is 
the space passed over in every second of time ; hence 
in 2 seconds the particle moves over 2 v ft, in 3 
seconds over 3 v ffc., and so on. Hence the motion is 
defined by the equation 

S = vt. 
The line of spaces is a straight line, for the ordinates 
increase in a constant ratio. The line of velocities has 
its ordinates constant and is a straight line parallel to 
the axis a a? at a distance = v. 

Composition of Velocities. 

14. Suppose a particle at o to have imparted to it 
simultaneously a velocity v along o x and a velocity V 



Fig. 112. 

along o Y (Fig. 1 12). Let m be a position of the particle 
at time t, and suppose m a drawn parallel to o t meeting 
o X in A, then the motion may be thus described. The 
point M moves along the line A m parallel to o y with 
velocity i/ while this line is displaced parallel to itself, 
so that its extremity a moves along o x with velocity v. 

L 
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Therefore o a = t?i and a m = v'^ 
„ OA V 

Hence OT = "^Z 

Let m' be the position of the particle at time t!^ 
Then also o a' := vt' and a' m' = v' if. 

Hence ^^^^ — ^,^, 

Suppose now the points m and m' to be each joined 
with o, then the above proportion shows that the 
triangles o a m, o a' m', which have angles a and a', equal 
are similar, and therefore that the angles a o m, a' o h' 
are equal, and o m jf' is a straight line. 

The same triangle gives the proportion 

OM _ OA ^ ^ _ _i, 
OM " OT ^ "" T 

showing that the space described by the point m is pro- 
portional to the time ; hence m moves in a straight line 
with uniform velocity. 

To determine this velocity let t in the above equation 
be the unit of time, then o a represents v, am represents 
v'j and OM the resultant velocity of m. Through m 
draw MB parallel to o x, then o b == a m = t/ and it is 
evident that the resultant velocity is the diagonal of 
the parallelogram constructed on o a, o b, which repre- 
sent the component velocities. 

If two velocities imparted simultaneously to a particle 
he represented in magnitude and direction by two adjacent 
sides of a parallelogram^ the resultant velocity will he 
represented in magnitude and direction hy the diagonal 
of this parallelogram drawn through the particle. 

From this proposition it follows that when a point 
moves in a straight line with uniform velocity, the pro- 
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jection of the point on any straight line whatever moves 
with uniform velocity. 

It follows also that any unifonn velocity may be con- 
sidered as resulting from two simultaneous velocities, 
the components being represented by the sides of a 
parallelogram having the line representing the resultant 
velocity for diagonal. 



Exercises. 

1. A body moves uniformly over 5 miles in half an hour; 
determine its velocity. — Ans. 14* 6. 

2. A body moves at the rate of 3 miles a quarter of an honr ; 
determine its velocity. — Ans. 17'6. 

8. The equatorial diameter of the earth is 41,847,000 ft., and 
the earth makes one revolution in 24 hours; determine the 
velocity of a point on the earth's eqnator. — Ans, 1526. 

4. Find the velocity of a point a, latitude at 60**. — Ans. 763. 

5. A body moves with a velocity 15 j how many miles will it 
pass over in one hour ? — An^. lO^nf. 

6. Which velocity is the greater, 3 ft. in half a second^ or 70 
yards a minute ? 

7. Compare the velocities of two points which move uniformly, 
one through 420 ft. in 1 minute, and the other through 2^ 
yards in |^ of a second ? — Ans. The second is If of the first. 

8. A railway train travels over 100 miles in 2 hours ; find the 
average velocity referred to ft. and seconds. 

9. A body starts from a point and moves uniformly along a 
straight line at the rate of 25 ft. per second. At the end of 20 
seconds another body starts from the same point after the former 
body, and moves uniformly at the rate of 20 miles an hour. 
Find when and where the second body overtakes the first. — Ans- 
The second moves for 115^^ sees, and %i of a mile. 

10. Two bodies start together from the same point, and move 
uniformly in directions at right angles to each other ; one body 
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moves at tlie rate of 4 ft. per second, and the other at the rate of 
3 ft. per second ; find the distance between them at the end of 
7 seconds. — Ans. 35 ft. 

11. A mill sail 8} yards long goes ronnd uniformly 12 times in 
a minnte ; find the velocity of the extremity of the saiL — Ans. 
33 ft. per sec. 

12. Two messengers start at the same time, and in the same 
direction, from places 3 miles apart; one travels at the rate of 44 
and the other at the rate of 6 ft. per second ; when will the 
second overtake the first ? — Ans. In 2 hrs. 56 mins. 

13. M, N, and F are places on the same road. A traveller A 
starts from M at the same time as another traveller B leaves N. 
They reach F together, and it is fonnd that they have walked 
together 30 miles ; that B would walk at his rate from F to M 
in 9 hoars, and A from F to N in 4 hours ; find the distance 
M N. — Am. 6 miles. 



Motion in a straight line with TTniform 

Acceleration. 

15. The velocity is said to be uniformly accelerated 
"when it is increased in equal intervals of time by a 
constant quantity. Let / be the increase of velocity 
for each second, then if v be the velocity at the com- 
mencement of the time, the velocity at the end of 

the 1st sec. = v + / 
2nd sec. == v + 2/ 
3rd sec. = v + 3/ 



at time t = y + ft 
Construct the line of velocities (Fig. 113). Let 
A c = V, and let a a, a b, b c, &c. represent equal inter- 
vals of time T. The ordinates at the successive intervals 
will be obtained by adding to the preceding ordinate 
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Fig 113. 



the constant quantity / t, 
represented by a^cd^ bib', 
&c. If A B represent a time 
t, the ordinate bd=v + ft. 
c D is therefore a straight 
line. 

The space passed over 
in the time t will be repre- 
sented by the area of the 
figure ABDC, that is, by the 

rectangle a b e o + the triangle ced, orACXAB 
+ Jed X c B. 

Hence s = v « + i/^. 

If the point start from rest v = o, and the space is 
represented by the triangle o e d, hence 9 = ^ft^* 
The area a b d c may also be written thus — 

AB X J (ao + bd). 

Hence the space passed over by a particle moving with 
uniform acceleration is found by multiplying half the 
sum of the initial and final velocities by the time. 

When the velocity is diminished by a quantity which 
is constant for equal intervals of time, the motion is 
said to be uniformly retarded, and the acceleration is 
considered negative. When this is the case d will fall 
below B, and the equations of motion become 

v = Y—ft, s=Yt — ift\ 

The student should consider well the representation 
of the motion in Fig. 113. The area a b e represents 
the space which would be passed over in the time t, 
with initial velocity only. The little triangles c Oi a', 
a' bib'f &c., represent the spaces passed over in each 
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second, and that of the triangle ced, the space in 
time tj in consequence of the acceleration. 

If the initial velocity 
be zero, then the figure 
becomes a triangle (Fig. 
114) . If A c represent the 
time t,ca the velocity /i, 
then the space = ^ a c x 
Fig. 114. ca = ^fi\ 




TTnifomi Motion in a Circle. 

16. Let a point b move in a circumference, and let 
b' be the position of the point b at the commencement 

of the time, "while the point 
b describes the arc b b' the 
radius o b' describes the 
angle b' o b. The revolution 
of the radius marks what is 
called the angular velocity 
of the point b. When 
the radius desciibes equal 
angles in equal times the 
angular velocity/ is uniform 
and is equal to the angle described by the radius in a 
imit of time. 

When the radius does not describe equal angles 
in equal times the angular velocity at any point is the 
angle which would be described by the radius if it con- 
tinued to revolve for a unit of time with a uniform 
angular velocity. If the point b moves with a uniform 
linear velocity, equal arcs will be described in equal 




Fig. 115. . 
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times, and since equal arcs correspond to equal angles at 
the centre, the angular velocity will also be uniform. The 
angular velocity is not sufficient to define the motion 
of a pointj for if a point a describe the smaller circum- 
ference in the same time as the point b describes the 
larger, the angular velocity will be the same, but the 
linear velocity will be proportional to the circumference 
or the radius. Hence, if the radius and angular velo- 
city be given, the linear velocity may be found, and 
vice versa. 

Let r be the radius, v the linear velocity, a the 
angular velocity. 

Let the point describe the circumference c in a time 

t, then 

tv = c 

and ia = 360^ Hence — = ^ '^^ 



a SeO" 180° 

For example, if the angular velocity be 20° per second 
and radius 3 ft., we have 

V 7r60 

y ^ l80 

or t; == — ^ = 3fft. 

The tangential acceleration in this case is nothing, 
for the velocity is uniform. 

17. Let the point b (Fig. 116) start from b', and 




Fig. 116. 
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let the line b p be drawn perpendicular to the diameter 
b' a, consider the velocity of the point p. At the 
commencement of the motion b moves in the direction 
of the tangent at b', and the velocity of p is zero. 
This velocity increases until p reaches o, when b and p 
move in parallel directions with the same velocity. 
Hence the acceleration of p is not zero. The accele- 
ration of F, corresponding to an infinitely small arc 
B b', is termed the normal acceleration. 

Let /be this normal acceleration, and let the point b 
describe the arc B b' in the time t ; 
then PB' = |/i" 
and the arc B B' = v t 
but in the right-angled triangles abb' and b p b' 

AF _' BB^ 
BB' ~" PB' 
BB'2 



therefore P B' = 



AB' 



Now, since b b' is a very small arc, the chord b b' 
may be considered equal to the arc b b' 

hence ^ffi = 



and / = 



2r 
r 



Exercises. 

1. A body had at one instant a velocity of 15 ft. per second, 
and 3 seconds later a velocity of 80 ft. per second ; find the 
acceleration. — Ans, 5 ft. 

2. A point has a velocity of 60 ft. per second after it has been 
moving 5 seconds from rest; find the acceleration. — Ans, 12 fL 



UNIFORM ACCELERATION. 153 

3. The acceleration is 8 ft. per second, and the initial velocity 
11 ft. per second; find the space passed over in 8 seconds, and 
the velocity at the end of the time. — Ans. 332 ft. ; 75 ft. 

4. The space passed over in 5 seconds is 105 ft., and the final 
velocity 35 ft. ; find the initial velocity and the acceleration.— 
Ans. 7ft.; 5-6 ft. 

5. A body moving from rest is observed to move over m ft. 

and n ft. respectively in 2 consecutive seconds ; show that the 

n 

acceleration is tt — m, and the time from rest ft. 

n — m 

6. A body uniformly accelerated moves at the end of 2 seconds 
with a velocity which wonld carry it through 5 miles in the next 
^ hour ; find the acceleration. — Ans. 7*3 ft. 

7. A body moving with uniform acceleration describes 574 ft. 
in the eighth second ; find the acceleration. — Ans. 18*2 ft. 

8. A body has described 392 ft. from rest in 7 seconds ; find 
the velocity acquired. — Ans. 16 ft. 

9. A body has described 54 ft. from rest in 3 seconds ; find 
the time it will take to move over the next 120 ft. '-^ Ans. 2} 
sees. 

10. A body moves over 70 ft. in the fourth second ; find the 
acceleration.— .4715. 20 ft. 

11. A body describes 354 ft. while its velocity increases from 
43 to 75 feet per second ; find the whole time of motion and the 
acceleration. — Ans. 6 sees. ; 5*3 ft. 

12. A body in passing over 135 ft. has its velocity increased 
from 7 to 53 ; find the whole space described fr^m rest and the 
acceleration. — Ans. 1^7^ ft. ; 10*2 ft. 

13. Find the numerical value of the acceleration when in a 
quarter of second a velocity is produced which would carry a 
body over 2 ft. in every third of a second. — Ans. 24. 

14. A body moving from rest is observed to pass over 36 ft. 
and 48 ft. respectively in 2 consecutive seconds ; find the acce- 
leration and the time from rest. — Ans, 8 ft. 4 and 5 sees. 
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n.— POECES PRODUCING MOTION. 

18. Hitherto we have considered the motion of a 
particle under varions circumstances independently of 
the forces which produce the motion. We have now 
to consider the relations between the forces and the 
motion which they produce. 

The science of Dynamics rests on certain fundamental 
principles termed the Laws of Motion. 

The first law of motion, or the law of inertia, is as 
follows : — 

When a body is not acted on by any force y if it be at 
rest it will remain at rest, and if it be in motion it tvill 
continue to move in a straight line with uniform velocity. 

As this law is the basis of Statics as well as 
Dymamics it was stated at the introduction, together 
with the evidence on which it rests. 

On this and the following law the theory of the 
motion of the heavenly bodies is based, and the uniform 
agreement of the deductions from these laws and 
observations in astronomy is one of the strongest con- 
firmations of their truth. 

19. The second law may be stated thus : — 

When a force acts upon a body in motion, the change 
of motion is the same in magnitude and direction as if 
the force acted on the body at rest. 

The truth of this law is shown by such considerations 
as the following : — 

When a person is on board a boat which is moving 
uniformly along a stream, any movement he makes 
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produces exactly the same effect as if the boat were at 
rest. 

When & stone is let fall from a point on land it falls 
in the direction of the vertical, and when a stone is let 
fall from the mast of a ship in motion, it reaches the 
deck at a point vertically below the starting point. 
Now the stone falls from the mast to the deck in the 
same time whether the vessel be at rest or in motion ; 
again, if the vessel passes horizontally through any 
distance, 3 ft. suppose, during the fall the stone also 
passes through 3 ft. horizontally, that is, through 
the same space as it would have passed through had it 
remained at the top of the mast. We conclude, therefore, 
that the horizontal motion due to the velocity of the 
vessel, and the vertical motion due to the attraction of the 
earth, have each their full effect in their own direction, 
that is to say, in the resultant motion the stone is dis- 
placed horizontally in a certain time exactly as if its 
vertical motion did not exist, and it is displaced ver- 
tically in the same time as if its horizontal motion did 
not exist. 

This will be made still plainer by reference to the 
following experiments : — 

Take a board abb (Fig. 117) which has a curved 
groove A B cut in it, so that the direction of the curve 
at B is horizontal. If a ball m be made to slide down 
this groove the direction of its motion is horizontal. 
If the groove be prolonged horizontally to the point m, 
and the surface of the groove and ball be so well 
polished that friction may be disregarded, after the 
ball has passed b it will move along b m with uniform 
velocity. At the instant the ball m passes the point b, 
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let another bsU m' fall vertically along b e, and let b h 
be taken at sncli a length that m moves from b to h in 




Pig. 117. 

exactly the Bame time as m' moves from b to e. If 
now (he horizontal groove be removed, and the ball be 
allowed to elide down the groove a b, and then to fall 
freely, it will neither arrive at the point m nor the point 
K, bnt at a point d, having passed through a vertical 
distance b e and a horizontal distance b u. It will 
arrive at the point d in exactly the same time as the 
ball m' falling free would pass from b to s or the ball 
m after descending throngh the arc a b would pass from 
B to u. 



Falling Bodies. 

30. The fall of bodies to the earth in varions drcnm- 
stances offers remarkable iUnstrallons of the preceding 
principles. 
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When bodies of different material fall in the air, they 
do not nsnally pass through the same heights in the 
same time. A ball of lead and a scrap of paper fall 
through the air with yery different velocities. The 
difference arises from the difference in the resistance 
offered by the air, which varies with the form and 
dimensions of the body and with the velocity. 

If the bodies are made to fall in a tube from which 
the air has been expelled, then the time of descent and 
the velocity acquired will be the same. The motion of 
all bodies in vacuo is uniformly accelerated. 

It is usual to call the force producing the motion 
"gravity," and to indicate the acceleration by g. Hence 
g is the number of feet added to the velocity of a body 
moving freely in vacuo for every second of time. This 
acceleration is not absolutely the same at all points on 
the earth's surface, but its variations are very small. It 
increases with the latitude of the place and decreases 
with the height above the sea. In London a velocity 
of nearly 32*2 feet is added in every second when a 
body moves in vacuo. 

We may therefore at once apply the formulee for 
uniform acceleration to the case of falling bodies. 
When the body falls from rest the equations of motion 
(§ 15) are 

V = gt 8 = ^ gt^ 

and by equating values of t from both equations t^ = 
2 gs. 

When the body has an initial velocity v these equa- 
tions of motion are 

V = Y ± gt 8 = Yt ±i gt^ 
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and by finding the value of t from the first equation 
and substituting in the second 

In all cases in which the body moves in a vertical line 
the space passed through is equal to the mean velocity 
multiplied by the time. 

Example /. A body falling under the action of 
gravity has a velocity of 30 ft. ; how far will it fall in 
5 seconds ? 

Initial velocity = 80 ft. 

Final „ == 30 + 5 x 32 



Mean ,, := 110 

5 



Space ,, 550 ft. 



Example 2. A body is projected vertically upwards 
with a velocity of 100 feet per second ; how far will it 
ascend in 3 seconds ? 

Initial velocity = 100 

Final „ = 100 — 3 x 32 



Mean ,, ==52 

3 

Space „ 156 
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L- l{ 



II.— 



III.— 



— 2 

— 3 



— 5 

— 6 

— 7 

— 8 



9x 



IV.— 



v.— 



VI.— 



—10 

—11 

—12 
—13 

—14 
—15 



.16 



Example 3. To find the space passed throngh in the 
n*^ second : — 

Velocity at commencement of 

n^ second = n — I'g. 

Velocity at end of n*^ second 
==ng. 

Mean velocity and space = J 
(2n — l)y. 

Substituting successively 1,2,3, 
&c. for n, we find the spaces passed 
through in the successive seconds 

are|, 3 |, 5 |, 7 |, &c., and 

generally the space passed through 
in the «e*^ second is the »*^ odd 

number multiplied by ^. 

Fig. 118 will therefore repre- 
sent the divisions of the path cor- 
responding to difierent times, each 

part representing ^ feet. 

2 

The student is recommended to 
consider well the graphic repre- 
sentation of the motion of falling 
bodies in Figs. 114 and 118, and 
to keep them constantly in remem- 
brance while solving the following 
exercises. 



-17 
—18 
-19 
—20 
—21 
—22 
—23 
—24 



.25/ 



—26 
-27 
—28 
—29 
—30 
—81 
—82 
—33 
—34 
-85 



9 



11 



.36>' 



-37 

—38 



Fig. 118. 
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Example 4. A body is projected vertically upwards 
with velocity v ; to what height will it rise ? 

The velocity at any point is given by the equation 
t;" = v* — ^ gs; but at the highest point the velocity 
is o. Hence, if A be the height o = v* — ^gh, 

V» 

hence A = z- 

The velocity acquired in falling from this height is 
given by the formula v* = 2 ^ A ; hence v^ = v, and 
the body strikes the ground with a velocity equal to 
the velocity of projection. 

Example 5. Find the time of ascent. 
Here s = v< — i g^^ 
Put s = o, then y t — ^^^2 = 0, 

2V 
and t = o, or — 

9 

The first value corresponds with the instant of 
starting, and the second with the instant at which the 
body re turns, to the starting point. 

Again, put S = — , that is, the height to which the 

body will rise, ' ' 

V 
then ^ == — 

9 
Now, this is half the whole time ; hence the time of 

ascent is equal to the time of descent. 

These results are important, and may be collected 
thus : — 

When a body is projected vertically upwards with 

V 

velocity v, it rises for — seconds, reaches the height 
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B 



■ V 
— , falls in the same time as it took to ascend, and 

strikes the ground tvith the velocity v. 

21. Let as now apply the second law of motion to 
find the position of a particle projected horizontally 
with velocity v, and allowed to fall nnder the action of 
its weight, as represented in Fig. 117. 

Let A B represent the i Ct cac» c^c sc^c 
horizontal direction, and, 
according to a fixed scale, 
take equal distances a c, 
C1C3, &c. to represent the 
spaces which would he passed 
oyer in successive seconds if 
the body were subject only 
to the force of projection. 
At the points c^, C|, &c. 
draw vertical lines repre- 
senting, according to the 
scale chosen, the spaces 
which would be passed 
through in 1, 2, 3, &c. 
seconds if gravity were the 
only force. Thus, Cj Oi = 
16 ft., Cja, = 16 X 4 ft., 
0308 = 16 X 9 ft., &c. The 
points Oi, ^2, a^, &c. repre- 
sent the position of the par- 
ticle at the end of the successive seconds, and the curve 
joining these points represents the path. 




Pig. 119. 



M 
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Morin's Apparatufl. 

22. If the particle could mark oat its path on a 
vertical plane, it would trace out the curve a Oj a,. If 
the plane could move horizontally while the body fell 
vertically, the same curve would be traced out on the 
plane. This fact is employed in Morin's apparatus, 
constructed to illustrate the laws of falling bodies. 

It consists of a cylinder with vertical axis (Fig. 120), 
made to revolve uniformly by means of a weight, 
the regularity of the motion being secured by a fly- 
wheel at the top. The cylinder is surrounded with 
paper ruled with horizontal and vertical lines. A 
cylindrical weight / carries a pencil, the point of 
which is pressed gently against the surface. The 
weight is detached by pulling the cord ^, and is guided 
in its fall by two wires. If the cylinder did not revolve 
the pencil would trace a vertical line upon the surface, 
and if the cylinder revolved but the pencil remained 
stationary, a horizontal line would be traced. When, 
however, the cylinder turns and the weight falls, the 
curve represented in Fig. 121 is described. The lines 
Cj «!, Cg ^2 represent the spaces described while the 
cylinder turns through the arcs a Cj, A Cj, &c. When 
these lines are measured they are found to be as the 
numbers 1, 4, 9, 16, thus confirming the theory of 
falling bodies. 
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Exercises. 

In tlie following exercises use 32 ft. as an approximatdon for 
the acceleration due to gravity. 

On the formula v = V ± gt 

1. A body falls for 8 seconds; with what velocity is it moving 
at the end of that time ? — Ans. 256. 

2. If a body is let fall, how long will it take to acquire a 
velocity of 500 ft. per second ? — Ans. 15f sees. 

3. A body is projected upward with a velocity of 80 ft. per 
second; determine the velocity it will have at the end of 

3 seconds, and the number of seconds that must elapse before its 
velocity equals its initial velocity. — Ans. 16 ft. ; 5 sees. 

4. A body is thrown downward with a velocity of 160 ft. per 
second ; find its velocity at the end of 5 seconds, and the number 
of seconds in which a body that is merely dropped would acquire 
that velocity. — Ans. 320; 10 sees. 

5. A body A is projected downward with a velocity of 240 ft. 
per second; at the same instant another body B is projected 
upward with an equal velocity; how much faster will A be 
moving than B at the end of 6 seconds ? — Ans. 9 times. 

6. A body is thrown upward with a velocity of 96 ft. per 
second ; with what velocity will it be moving at the end of 

4 seconds ? — A ns. Downwards with a velocity of 32 ft. per 
second. 

7. A body is dropped from a certain height h, at the same 
instant as another is thrown upward ; what initial velocity must 
the latter have that it may meet the former half way ? — Ans. 

>/gh. 

8. A body is at a given instant moving upward with a given 

velocity v ; show that it will be moving downward with an equal 

2v .• . . 

velocity after — seconds, and that it will reach its highest point 

9 

V 

after •- sesonds^ 
9 
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9. A body is thrown up with a velocity a g ; after how long 
will it be descending with a velocity b g ? — Ans. a — b. 

On the formula 8 = Vt + ^ g t^ 

10. How many feet will be described in 7 seconds by -a body 
that moves freely from rest nnder the action of gravity ? — Ans* 
784. 

11. Through how many yards would a body falling freely from 
rest descend in 3 minutes P — Ans. 169,600. 

12. A body is projected downward with a velocity of 50 ft. per 
second ; how far will it fall in 4i seconds ? — Ans. 549 ft. 

13. A body is projected upward with a velocity of 150 ft. per 
second; how high wiU it have ascended in 64 seconds? — Ans. 
299 ft. 

14. If a body is thrown upward with a velocity of 96 ft. per 
second, how far will it be from the starting point at the end of 
4 1 seconds, and what will be the whole space it will have 
described ?—Ans. 95 ft. ; 193 ft. 

15. A body is projected upward with a velocity of Sg ft. per 
second ; determine the height of the body, and with what velo- 
city, and in what direction, it will be moving at the end of 4 
seconds. — Ans. Height 4sf, moving downward with velocity g. 

16. A body is projected upward with a velocity v ; show that 

2v 
it will return to the point of projection after — seconds. 

17. A body falls for a time t, and has a velocity V at the 
beginning, and v at the end of that time ; find the space described. 
^Ans. i {V + v) t. 

On the formula v^ = V^ -{- 2g s. 

18. If a body is thrown upward with a velocity of 36ft. per 
second, find its greatest height. — Ans. 20 J ft. 

19. If a body falls freely through 1,600 ft., find the velocity it 
acquires. — Ans. 320 ft. 

20. A body is projected vertically upward with a velocity of 
100 ft. per second; how long will it take to reach the top^of a 
tower 100 ft. high ? — Ans. 1 J or 5 sees. 
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21. If a body is thrown upward with a velociiy v, show that it 
will ascend through — ft. 

22. Two particles are let fall from two given heights ; find the 
interval between their starting if they reach the ground at the 

n/2 
same time. — Ans. — (k/Ji — tJh') . 

23. A stone A is let fall from a certain point, and after it has 
fallen for a second, another stone B is let fall from a point 100 
ft. lower down j in how many seconds will A overtake B ? — 
^715. 3j^ seconds. 

24. A stone is dropped into a well and is heard to strike the 
water in 3 seconds; if the velocity of sound = 35 gf, find the 
depth of the surface of the water. 

(Let X = the depth, show that the time of fall of the stone = 

and time of passage of the sound = -^ — ; thus ' 



^/g ^™"^ " 35 9 '"""- 35 g 

2x 
>/ — = 3, therefore x = 4*155 gf.) 

9 

25. A stone A is projected vertically upward with a velocity of 

80 feet per second ; after 4 seconds, another stone B is let fall 
from the same point j how long will B move before it is over- 
taken by A, and how far will they then be from the point of 
projection ? — Ans. 1*3 ; 28*4. 

26. In the last example, if only 2 seconds had elapsed, would 
A ever have overtaken B ? 

27. The point A is 4 gr ft. above B j a body is thrown upward 
from A with a velocity of 2 ^ ^. per second, and at the same 
instant another is thrown upward from B with a velocity of 3 gr 
ft. per second ; show that after 4 seconds they will both be at A, 
moving downward with velocities 2 g and g feet respectively. 

28. A body was thrown from a height 8 g and struck the 
ground with a velocity 5 g ; what was the velocity of projection ? 
— Ans, 3 g. 



let 



m.— PROJECTILES. 

23. We will now discuss the properties of the path 
of a projectile at greater length, and shall have occasion 
to refer to the following facts and definitions. 

If a fixed straight line and a fixed point he taken, 
the carve containing all points which are at the same 
distance from the line as from the point, is termed a 
parahola. The fixed straight line is termed the direc- 
trix of the parahola, and the fixed point the focus. 
A straight line through the focus perpendicular to the 
directrix is termed the axis, and the point in which 
the axis cuts the curve is termed the vertex. 

From the definition of a parabola it is proved in 
Geometry that if a tangent, o o, be drawn at any point o 
in a parabola, and then from another point b a straight 

line B c be drawn parallel to the axis, the ratio -o/i 

is constant, and equal to four times the distance of the 
point o from both the focus and the directrix of the 
parabola. 

In the theory of projectiles we omit the consideration 
of the resistance of the air, and suppose the body to 
move in a perfect vacuum. 

The path of a Projectile is a Parabola. 

24. It is evident that the path will be in the vertical 
plane through the line of projection : let it lie in the 
plane of the paper, and let o be the point of projection, 
o M the line in which the body is projected ; o m will 
manifestly be a tangent to the curve described. 
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Let V be the velocity of projection, and c the point 
at which the body would arrive with this velocity in 
the time t, so that oo = v^ (^^g- ^^l)* 




Fig. 121. 



From draw c b vertical, and make c b = 



g± 

2 



2 



then, if there had been no velocity of projection, c b 
would be the space which the body would describe in 
the time t under the action of gravity only; and if 
gravity had not acted, the body would have been at o ; 
therefore when the body is simultaneously animated by 
its original velocity v, and that generated by gravity, it 
will be at b. 

Complete the parallelogram o k b c, then 

ON = CB = 2i! 

BN = AC = V<, 

2V^ 



BN» =YU^ = 



ON 



Hence 



BN« 2V2 

= — = a constant, and there- 
9 



ON 



fore b lies in a parabola, of which the axis is vertical, 
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and the distance of m from the directrix or focus is 

25. From the point o draw on perpendicular to 
the directrix and meeting it in d, and let s be the 
focus, then v* = 2^-od = 2^'os. 

Hence, the velocity at any point of the parabola is 
that which would be acquired in falling from the direc- 
trix. The distance of the directrix is therefore inde- 
pendent of the angle of projection. If, then, a number 
of particles were projected from the point o with the 
same velocity at the same instant, in different direc- 
tions, one of which is vertical, all the parabolas described 
would have a common directrix which would be just 
reached by the particle whose path is vertical. 



To determine the greatest height to whicli the 

Projectile will rise. 

26. The velocity of projection may be supposed to 
consist of two velocities, one horizontally = v cos a, 
the other vertical = v sin a. It is evident that the 
horizontal velocity will remain the same, for every 
point on the curve for gravity acts vertically, and can 
produce no effect horizontally. The vertical motion of 
the body will be the same as if it were projected verti- 
cally with the velocity v sin a; hence, if h be the 
height required (oe Fig. 122) we have (§ 20) 
, V^ sin ^a 



170 



PBOJEGTILBS. 



To find the distance of the Focus from the vertex 

of the Parabola. 

27. At the highest point the vertical velocity is o, 
and the horizontal velocity v cos o. We may suppose 
the body projected at any point with the velocity and 
direction it has at that point. Suppose the body pro- 
jected at the point a (Fig. 119), then the equation of 
Pig. 121 becomes 

(AC) a ^ 2(Y cos g) ' 
CA g 

hence the distance of the focus from the vertex equals 

-rr — COS 'a. Four times this distance is termed the 

latus rectum. 



To find the range of the Projectile, that is, the 
distance from the point of projection at which 
the body meets the horizontal plane through the 
point of projection. 

28. The range will evidently 
be twice the distance of the 
point of projection from the 
axis of the parabola. Let a 
be the point of projection, a t 
the direction of projection, ab 
the range on the horizontal 
plane through b, and t b 
Fig. 122. vertical. Let v be the velocity 

of projection, and the angle tab, and t the time of 
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flight, that is, the time the particle takes to pass 
from A to B, then 

AT = V«, TB =^^^; hence 

TB igt^ gt 

sm o = ^ =^ — = -^ 

AT V ^ 2 V 

.-. Time of flight = ?I_?11_« 

9 

And AB = AT cos a = Y't cos a 

2V* sin a cos a 

9 

But 2 sin a cos a = sin 2a 

ya 
.*. AB = sin 2a 

9 

The greatest value which sin 2 a can have is 1, which 
corresponds to a = 45° ; hence the range of a pro- 
jectile will be greatest when the angle of projection 
is 45°. 



To find the Equation to the Curve referred to 
Bectangular Co-ordinates. 

29. We find the equation when we express the 
relation between the variable lengths a o, g h, for any 
point H of the curve (Fig. 122). 

Let AG = a?, GH=y, GAi==a, and t == the time 
of describing a h. 

Then a i = v < and a? «= a i cos a = v^ cos a. 
Also G I = a? tan a ; and b.i = ^gt^; 
hence y = Gi — Hi = a? tan a — ^9^ 9 
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X 



but from the first equation t = 



V cos a 



hence the equation is y = a: tan a -^r^^ r 

^ ^ 2V* cos V. 

These Equations 

I. re = V < cos a 

II. y = re tan a — ^ ^^^ 

III. y = x tan a — o 172 «^« 9 
^ 3 V* cos 'a 

are frequently useful in solving problems. For ex- 
ample : — To find the range on an inclined plane. Let 6 
be the inclination of the plane and / the range, then in 
Equation III. substitute a? = Z cos 0, y = / sin 0. 

To find the time of fiight on an inclined plane, Knd 
/ the range and substitute x = 1 cos 6 in I. 

To find the angle of projection so as to hit a given 
object. The height and distance of the object must be 
known, and hence they may be substituted for 1/ and x 

in Equation III., then remembering that — = 1 + 

tan 'a, we shall have a quadratic to determine tan a. 

30. This theory of projectiles rests on the supposi- 
tion that the motion takes place in a non-resisting 
medium, but the resistance of the air affects the motion 
of heavy bodies so materially as to render the parabolic 
theory nearly useless in practice. The path inclines to 
the earth more rapidly than is the case with a parabola : 
hence the range is much less. For example, when the 
velocity is about 2,000 ft., the resistance of the air is 
100 times the weight of the ball and the greatest range, 
which, according to theory should be 23 miles, is less 
than 1 mile. 
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The calcnlation of the exact modification of the path 
caused by this resistance must, however, be postponed 
for the present ; it will suffice here to remark that it 
admits of precise estimation. With guns and rifles 
sighted by theory great precision of aim has been 
attained. 

The sight of a rifle (Fig. 123) is usually graduated, 




Pig. 123. 

so that the angle of projection (the angle between the 
line of Bight and the barrel) may bo arranged according 
to the distance of the object. With long ranges the 
height of the path is considerable ; the trajectory of the 
Enfield rifle at a range of 1,000 yards is, at its highest 
point, 70 ft. above the horizontal plane. 



EXEBCISES. 

1 . A body is projaoted at in angle a and with, telodty V ; find 
the Tertioal Telocity at the time t. — Ans. V sin n — gt. 

2. A body is projected with Telocity of 60 ft. per second in a 
direction T" w^"g an angle af i^° with the horizon; find its 
Telocity at the end of half a second.— ..Jils. a2'29. [Find the re- 
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snltant of the horizontal and yeitical velocities. — (g = 32*2, 
sin 15° = -2588).) 

3. In the above example find the range, greatest altitude, and 
time of flight.— ilns. 55916 ft. ; 8-745 ft. ; -965 sec. 

4. If the angle of projection be 45° and greatest height 125 ft., 
find the velocity of projection, the range, and time of flight. — 
Ans. 126-86°; 500; 5 57 sees. 

5. The velocity of projection is 259-21 ft. ; find the distance 
of the focus of the parabola from the point of projection. — An^. 
1143-32025. 

6. The velocity of projection is 40^ ft. ; find the height of the 
directrix of the parabola. — Ans. 2hr^^ ft. 

7. The horizontal range = 1,000 ft., the time of flight = 
15 sees.; find the direction and velocity of projection, and the 
greatest height.— ilns. 74° 33' 48" (sin = -963925); 2505 ft. ; 
905-36 ft. 

8. Velocities of 35 ft. and 12 ft. per second, in directions at 
right angles to each other, are simultaneously communicated to 
a body ; determine the resultant velocity. — Ans. 37. 

9. If at the highest point of the path of a projectile the velocity 
be altered without altering the direction of motion, will the time 
of reaching the horizontal plane which passes through the point 
of projection be altered ? 

10. Show that the greatest range up a plane inclined at 30° 
is two-thirds of the greatest range on a horizontal plane, the 
initial velocity being the same in the two cases. 

11. A body is projected with the velocity hg at an inclination 
ot 75° to the horizon ; determine the range. — Ans. I2^g. 

12. If two projectiles have the same initial velocity and the 
same horizontal range, the foci of their paths are at equal dis- 
tances from the horizontal plane. 

13. A body is projected with a velocity V and angle of pro- 
jection a ; determine the velocity with which another must be 
projected vertically, so that the two may reach the ground at the 
same instant. — Ans. Y sin a. 

14. A heavy particle is projected from a point with a velocity 
of 90 ft. and in a direction inclined 30° to the horizon ; find its 
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distance from the point of projection at the end of 2 seconds. 
—Ans. 157-97 ft. 

15. A number of particles are projected from a fixed ppint in 
one plane, so that their least velocitj is constant ; show that all 
of them will be found at the same instant on the same vertical 
line. 

16. The horizontal range of a projectile is three times the 
greatest altitude; find the angle of projection. — Ans, 53° 8' 
(tan = i). 

17. A body is projected with velocity of 150 ft. per sec. and 
angle of projection 60° ; find the direction, velocity, and height 
at the end of 5 seconds.— Arwf. V = 81-177 ft. ; H « 247*13 ft. ; 
a = 157° 30' (sin a = -382523). 

18. The height of a projectile at a distance of 880 yards is 

100 ft., and the whole range 1,200 yards ; find the velocity and 

25 
direction of projection. — Ana. 645*1 ft.; 8* 5' (tan = =-=;,)• 

176 

19. Two bodies are projected with the same velocity Y and 
making equal angles (a) with the vertical from a point on an 
inclined plane ( Z 0), one moving directly up the plane and the 

other down ; compare the ranges. — Ans. r . 

(cos a — $) 

20. Show in the above case that the ratio of the times of flight 
is equal to that of the ranges. 



IV.— THE THIRD LAW OF MOTION. 

Mass. 

31. Hitherto we have considered a force producing 
motion as measured by the acceleration or the velocity 
it generates. It is, however, necessary to take into 
account the quantity of matter moved. When the same 
force acts on different bodies, it produces in each a 
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uniform acceleration ; bat the acceleration will not be 
the same in both cases. 

This difference arises from what is called the mass of 
the bodies. 

32. Mass is a term for the quantity of matter in a 
body. It is not easy to give such a definition of mass 
as will lead us at once to a method of measuring it. 
We are compelled to measure mass by its effects. 

We assume that the attraction of the earth on aH 
particles of matter is the same, and is not dependent 
on the nature of the matter attracted. This assumption 
seems to be justified by the fact that bodies of all kinds 
fall with equal velocity in the exhausted receiver of an 
air-pump. Hence we measure the mass of a body by 
its weighty and can only define the mass as a quantity 
proportional to the weight. If, then, at the same spot 
in the earth^s surface one body is twice as heavy as 
another, the mass of the first is twice that of the 
second. 

Suppose, however, the body is weighed by a spring 
balance (Fig. 2) at a certain place, and weighed 
again by the same instrument at another place nearer 
the equator, it will be found that the body is lighter at 
the latter place. It is found also that the acceleration 
due to the attraction of the earth is also less at the 
second place than at the first in the same proportion. 
This illustrates the fact that when the mass remains 
the same, the weight varies as the acceleration due to 
gravity. Consequently, writing m for mass, w for 
weight, and g for acceleration due to gravity, 
w varies as m when g is constant, 
w varies as g when m is constant ; 
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tTierefore w varies as m^ when both vary; and there- 
fore, by a theorem of algebra, if 

o = some constant quantity, 
w == c M ^. 
By selecting a suitable unit of mass we may make this 
constant unity ; 

then w = M ^. 

This formula exhibits a relation between the statical 
and the dynamical measure of force. When a force 
acts upon a particle, the dynamical effect of the force 
(supposing the particle to move) is measured by the 
acceleration produced. The statical effect, supposing 
the particle to be kept at rest, is the pressure pro- 
duced ; and if p be the pressure, m the mass, and / the 
acceleration, then p = wf. 

This result is usually stated as the Third Law of 
Motion. 

The Third Law of Motion. 

33. When pressure produces motion, the acceleration 
varies directly as the pressure, and inversely as the 
mass. 

The product M/is sometimes called the moving force, 
and this statement is then made thus — the moving 
force is proportional to the pressure. This law may be 
illustrated by the following arrangement : — 

Suppose two weights p and q, whose masses are 
respectively m and m', to be connected by a fine unex- 
tensible cord passing over a fixed pulley. If p = q 
there will ,be no motion ; if p be greater than q there 
will be a pressure -producing motion equal to the excess 

N 
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of p oyer q or (p — q). The mass moved is w + m', 
hence 

/ (^ + m') « P — Q, 

P Q 

but w = — and w' = — 
9 9 

P — Q 

therefore f = 9 -^^ 7: 

34. To find the tension in the cord. 

We may consider the tension t to be the upward 
force acting both on p and q ; the pressure producing 
the motion of p downwards will be p — t, and the 
pressure moving q upwards t — q, and the accelera- 
tions are the same ; 

P — T 

hence / = 

m 

T — Q. 

and /= , ^ ' 

therefore = p-^ 

m m 

or, dividing by g, 

P— T _ T — Q 

P Q 

, m 2PQ 
consequently T ="p — q 

35, We have stated the Third Law of Motion as it 
is now usually given, but Newton's Third Law was 
the enunciation of a principle which we have also 
assumed in the last example. We there took it for 
granted that the tension of the cord is the same in 
every part. The principle here applied was stated 
thus by Newton : To every action there is always an 
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equal and contrary reaction. In the case of statical 
forces the law of the equality of action and reaction 
has been assumed, and this law extends the assumption 
to the case of forces producing motion. 



Attwood'0 KTacliine. 

36. The machine represented in the figure was 
devised by Attwood for testing experimentally the laws 
of motion and the results derived from the theory of 
falling bodies. 

It consists of an upright beam, supporting at the 
upper extremity a nicely constructed wheel turning on 
a horizontal axis, and two equal weights p, p', connected 
by a fine silk thread which passes oyer a groove in the 
wheel. To diminish friction the axis of the larger 
wheel turns on friction wheels (Fig. 124). 

The pillar is furnished with a graduated scale, a 
movable ring n, and stage m. 

Another important appendage to the machine is a 
small clock with a pendulum beating seconds. 

Suppose the weights p and p' to be at first equal : 
they will then be at rest. 

Let the movable ring be in the position n, below the 
weight p and on this weight place a small bar p, p will 
descend with accelerated velocity until it reaches the 
ring («). Here the bar j9 will be lifted off the weight 
p by means of the ring («), and p will move onward 
with a uniform velocity equal to the velocity at the 
moment when {p) was retained by the ring. Now 
place the stage in such a position that the weight p 
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may reach it in exactly one second after it has passed 
the ring (n). The distance between the stage and 
ring will be the space described by a body moving with 
a nniform velocity in a unit of time. 

Let us now suppose that the ring is exactly so far 
below the starting-point p as to lift off the bar when p 
has moved for exactly one second. Also let the stage 
be so placed as to stop p exactly one second after the 
bar has been removed. Then the distance n m is the 
acceleration. Now the following relation is found to 
exist between this acceleration and the weights : if we 
keep p and p' the same, and double the weight of the 
bar we double the acceleration, and if we take a bar 
n times the weight of the first, the second acceleration 
will be n times that of the first. 

If now we keep the bar the same but double each of 
the equal weights, we shall find that the acceleration 
is then only half what it was before, and generally if 
we multiply the equal weights by n we shall divide the 
acceleration by n. 

Thus the acceleration varies directly as the pressure 
producing motion, and inversely as the mass moved. 
In every respect we find the results agree with the 
theory of Article 33, which is based on the Third Law 
of Motion. Hence Attwood's Machine verifies this law. 

The chief advantage secured by this machine is that 
we may make the acceleration as small as we please, 
and thus render the motion slow enough to be observed 
without difficulty. 

Suppose, for example, that the equal weights are 
each 31*7 grammes and the bar 1 gramme, then, taking 
the acceleration due to gravity as 32*2, we have, by the- 
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theory of Article 33, an acceleration equal to 32*2 x 

327 + 81-7 "" 2 * ^^"^ ^^ ^® ^®®P *^® ^*^ ^^ 
thronghout the time it is found that the space described 
in the first second is ^ ffc., in the next second 3 X ^ ft. 
in the third 5 x i ft. and in the nth second the 7)th odd 
number multiplied by J ft. 

Again, by cutting off the pressure producing motion 
at the end of the successiye seconds and measuring the 
spaces passed through in the next second, it is found 
that the velocity at the end of the first second is ^ ft.', 
at the end of the next 2 x ^ ft., and at the end of the 
third 3 X J ft., and at the end of the nth second 
n X ^ ft. Thus the results of the experiment agree 
entirely with those of the theory of falling bodies. 



Motion down an Inclined Plane. 

37. Suppose a body of weight w to rest on a 
smooth inclined plane ; in Statics we haye shown that 
a force p acting in the direction of the plane will sup- 
port the body if p = w — , h being the height of the 

V 

plane, and I the length. Hence w -- is the resultant of 

c 

the weight and reaction of the plane, and is the pres- 
sure producing motion when the body is free to move 
down the plane. 

Consequently, if/ = the acceleration down the plane 
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hence, substitiiting for p 

. h 

f=g ^ 

Thus all the circumstances of the motion of a body 
down an inclined plane may be found in precisely the 
same way as in the case of a body falling freely by 

using ^ ~ as the acceleration instead of g, 

Tx) find the velocity acquired by the body in falling 
down the length of the plane, 

38. The formula v* = 2/s becomes in this case 

v^ = 2'gJ^ 'l=2gh 

But this is the equation which gives the velocity of 
a body falling freely down a height = A. 

Hence the velocity acquired in sliding down a smooth 
inclined plane is the same as would be acquired in 
falling freely through a vertical space equal to the 
height of the plane. 

The time of falling from rest down a chord of a verti- 
cal circle drawn from the highest point is constant. 

39. Let A be the highest 
point of a vertical circle (Fig. 
125), AB a diameter, ac any 
chord. 

Draw the tangent at b meet- 
ing AC produced in d. Then 
the triangles a c b, ab d having 
an angle a common and the 
right angles at c and b equal, are similar. 
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Let t be the time of falling down a c ; then 

AC AB 
And -"xg = "Tn" ? ^^ *^** -^^ = i ^ V- 

But if d be the time of falling down a b ; then 

AB = i </ r 

That is, t is equal to the time of falling freely down 
the vertical diameter ab. This establishes the pro- 
position. 

In the same manner we may show that the time of 
falling from rest down a chord passing through the 
lowest point is constant. 

40. This proposition frequently enables us to find 
what are termed lines of quickest descent from a point 
to a curve or from one line to another. For example, 
suppose a curve touches the circle in the point c, then 
A o is the line of quickest descent from a to the curve. 
If any other point in the curve be joined with a, the 
line formed will consist of a chord of the circle (the time 
down which is equal to the time down a o) and a part 
without the circle. Hence the time down the whole is 
greater than the time down a g. 

For the solution of such problems we must therefore 
devise a construction which will furnish a circle having 
the given point for its highest point, and touching the 
given line. The following constructions should be 
followed out and demonstrated : — 

/. Find the straight line of quickest descent from a 
point A to a given line o b, neither horizontal nor 
vertical. 

Draw a horizontal line through a, meeting c b in c, 
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And describe a circle touching ac in a and gb in a 
point D ; join a d, and it will be the line required. 

2, From a point A without a given circle to the circle. 
Join A with the lowest point l of the circle ; then if 

A L cut the circle in d, ad is the straight line of 
quickest descent. 

3, From a point A within a given circle to the circle. 
Join the point a with the highest point n of the 

circle, and produce h a to meet the circle again in c ; 
A c is the line required. 

To prove this, take h l the vertical diameter of the 
circle, join l c, draw a b parallel to c l and e f parallel 
to A ; E, F and l are on a circle, and the time down 
a is equal to the time down e f or e l. If any other 
line A B be taken, and lines through b parallel to a f 
and through f parallel to ab be drawn, it may be 
shown that the time down ab is greater than that 
down FL, and therefore greater than the time down 
A o. This example shows that if two circles touch at 
the extremity of a vertical diameter, and a line be 
drawn through the point of contact, the time down a 
straight line intercepted between the circumferences is 
constant. 

4, From a straight line b o to a circumference 
below it. 

Draw a tangent lg at the lowest point l of the 
circle, meeting b c in o ; on bo take o a = c l, and 
draw AL cutting the circle in d; ad is the line 
required. 

It is evident from Example 2 that the line produced 
passes through l, and it is also evident from Example 3 
that it also passes through the point of contact a of 
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a circle touching the line b o in a point a and the given 
circle in l. 

5. From one given circle to another. 

Draw a line from h, the highest point of the first, to 
L, the lowest point of the second, cutting the circles in 
A and D respectively ; a d is the line required. 

It is evident from Example 4 that the straight line 
must pass through h, and from § 39 that it must cut 
the second circle in the point d, which is the point of 
contact of a circle drawn to touch the first circle h, 
and also to touch the second circle. 

EXEKCISES. 

1. How long xnnst a foroe of 4 lb. act on a weight of 100 lbs. 
to generate a Telocitj of B'g ft. per second P — Ans. 10 minntes. 

2. The velocity of a mass of 1 00 lbs. under the action of a force 
increases from 30 to 80 ft. per second in 5 seconds ; find the 

moving force. — Ans, — lbs. 

9 

3. Two equal weights, each 18*6, are suspended over a fixed 
pnlley ; what mnst be added to one of them that it may descend 
through 100 ft. in 8 seconds {g = 32'2) ? — Ans. 4 oz. 

4. A mass of 18 lbs. is divided into two parts, which are sus- 
pended from a cord passing over a fixed pulley ; the heavier part 
descends through 13 yards in 13 seconds ; find the weights. — 
Ans. 9-1^9 lbs. ; 8*871 lbs. 

5. A force of 4 oz. draws a weight of 801 oz. along a smooth 
horizontal plane ; what will be the space passed through in 5 
seconds P — Ans. 2*5 ft. 

6. A weight of 4 oz. hanging vertically from a cord passing 
over the edge of a smooth table draws a weight of 494 c>z. along 
the table ; what will be the space passed through in 5 seconds P 

^—Ans. -i- ft. 
3 

7. Oompare this question with the preceding. 

8. If in Fig. 124 'P and P' weigh 5 lbs. each, and p weighs 



EXERCISES ON THE THIRD LAW OF MOTION. 187 

lialf a pound, find the space described in 7 seconds, supposing 
that when j7 is laid on P an initial velocity of 8 ft. per second is 
communicated to it. — Ans, 61*56 ft. 

9. A body £alls 9 ft. along an inclined plane in the first second ; 
find the inclination of the plane. — Ans. Ht. : L. as 9 : 16*1, or 
the inclination = 34°. 

10. The length of an inclined plane is 400 ft., its height 250 ; 
a body falls from rest from the top of the plane ; what space wiU 
it have fallen through in 31 seconds ; what time will it be in 
falling through 800 ft. ; and what Telocity will it have acquired 
when it has arrived within 50 ft. of the bottom of the plane P-— 
Ans. 123-23 ft. ; 5*46 seconds; 11867 ft. 

11. A body slides down a smooth inclined plane of given 
height ; show that the time of its descent varies inversely as the 
length of the plane. 

12. Find the position of a point on the circmnference of a 
circle, so that the time of descent down an inclined plane to the 
centre of the circle may be eqnal to the time of descent down an 
inclined plane to the lowest point of the circle. — Ant. 60° from 
the highest point. 

13. If / be the measure of an acceleration when m seconds 
is the unit of time, and n ft. the unit of length, find the measure 
of acceleration when a second and a foot are the units. — Ans. 

m 

14. Two weights connected by a string, passing over a fixed 
pulley, move for 3 seconds and are then at the same level ; if the 
string be suddenly cut, find the distance between them in 3 
seconds more. 

15. A smooth plane is inclined at an angle of 30° to the hori- 
zon ; a body is started up the plane with a velocity g ; find the 
time it takes to describe a space g. 

16. A body fSolls down a given inclined plane, of length 24 ft., 
and at the instant when it begins to fall, another is projected up- 
ward from the bottom of the plane with a velocity equal to that 
acquired in fdling down an equally inclined plane three times its 
length ; where will they meet P — Ans. 2 ft. down. 
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17* The length of an inclined plane is 40 ft., and its inclination 
is 30° ; mark ont npon it a part, equal to the height, through 
which a body, falling down the plane, will move whilst another 
body would descend freely through the height. — Ans, It must 
begin 2^ ft. from the top. 

18. Divide the length of a given inclined plane into three parts, 
so that the times of descent down them successively may be 
equal. (See Fig. 118). — Ans. ^, j and f. 

19. Find the straight line of quickest descent. 

a. From a circle to a straight line below it. 

b. From a circle to a point below it. 

c. From a given circle to another circle within it. 

d. From a given straight line to a point. 

20. Show that the velocity acquired in falling from rest down 
any curve is the same as that acquired in falling down the vertical 
height of the curve. 

(Suppose the curve made up of small straight lines.) 

21. A weight of 7 lbs. fSfdls down a rough inclined plane 
whose height is to the length as 8 : 17, the coefficient of friction 
being one-third ; how far will it descend in 4 seconds P — Ans. 

IT 9' 

(The pressure producmg motion is f W* y ^ T\ 

22. If a body be projected down a plane inclined at 30° to the 
horizon, with a velocity equal to three-fourths of that due 
to the height of the plane, the time down the plane irom rest 
will equal the time down its vertical height. 

23. A body descending vertically draws an equal body 25 ft. 
in 21 seconds up a plane inclined at 30° to the horizon, by means 
of a string passing over a pulley at the top of the plane ; deter- 
mine from these data the force of gravity. — Ans. 32. 

24. Two bodies start from the top of an inclined plane, one 

falling do¥ni the length of the plane, and the other down its 

height ; it is observed that the former is four times as long as 

the latter in reaching the base. Required the inclination of the 

h 1 

plane. — Ans. T ^ T 
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25. What velocity of projection must "be given to a "body thrown 
up an inclined plane of height ^i g, that it may jast reach the top, 
and in what time will it return to the starting point ? — Ans. 
V = 3 gf ; t = 6 sees. 

26. A given weight P draws another given weight W up an 

inclined plane of given height and length, by means of a string 

parallel to the plane ; when and where must P cease to act, that 

W may just reach the top ? — 

." IB + W hi . P + W 2P?iZ« 
Ans. S = . ; t = ^/ 

r l+h P V (pj_'vvr7i) (h + l)g 
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41. When a body describes a circle of radius r, 
with uniform velocity v, we have seen that the normal 

acceleration is — (§17). 

Consequently, in order to keep the body moving in 
a circle there must be a force acting upon it which will 
produce a constant acceleration towards the centre, 

equal to -- . Hence, if w be the weight of the 
r 

body, p the pressure tending towards the centre, then 

r M ^ W ' 
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A preBsare eqnal and opposite to 
F is sometimes spoken of as the cen- 
trifugal force. 

In illustration of this formnla, let 
a stone be tied to the end of a string 
and whirled round (Fig. 126). 
Suppose the string to he r feet long, 
the stone to weigh w lbs,, and to 
moye with a velocity of v feet per 
second ; now, the tendency of the 
stone at each instant is to more off 
in the direction of a tangent to the 
circle it describes {§ 18), therefore 
there must be exerted on it at each 
instant a certain pressure f acting 
along the radins and towards the 
centre sufBcient to deflect it from 
the tangent and to keep it in the 
circle; this pressure is given by the 
formula 

p = :^ .j^ 

9 '• 

In the case supposed, the pressnre 
is supplied by the hand, and gives 
rise to the same sensation as would 
be produced if the stone were pulled outward with a, 
pressure of p lbs. Whenever a heavy body moves in 
a circle under the action of any forces whatever, the 
sum of the resolved parts of the forces along the radias 

W u' 

mast at each instant equal — , or the body 

ff ■ r 
will not coni»nne to move in the circle. 
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Example. Suppose the string in Fig. 126 ca- 
pable of sustaining a weight w at rest equal to six 
times the weight of the stone ; if the stone describes a 
circle 6 ft. in diameter, required the number of revo- 
lutions per minute when the string is on the point of 
breaking. 

The normal acceleration is — ; hence, if t is the 

r 

tension, 

^ — 1 

r ~ ^ W* 

When, however, the string is on the point of breaking 

T = 6W; 

hence -• = 32 x 6 ; 
o 

and V = 24. 

Now the circumference is 6ir, therefore the stone 
which describes 24 ft. in 1 sec. describes 6ir in 
(6ir -T- 24) sees, and makes 60 (24 -t- 6*) per minute. 

Another example of centrifugal force will be afforded 
by a carriage describing a curve of small radius. Let 
G be the C. G. of the vehicle (Fig. 127), then, whether 
the carriage be at rest or in motion along a straight 
line, the weight will act only in the direction of the 
vertical o a which falls within the wheels, and conse- 
quently the equilibrium is stable. 

Suppose now the carriage to describe a curve of 
small radius, then a horizontal centrifugal force will be 
generated. 

Let G A represent the weight, and let g b, according 
to the same scale, represent the centrifugal force ; these 
forces will have a resultant gc. In the figure, g o falls 
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A be 

Fig. 127. 



"without the wheels, and, con- 
sequently, the carriage will be 
overturned. The tendency to 
oyerturn may be counteracted 
by inclining the plane on which 
the body moyes. On railroads, 
where sharp curves occur, the 
outer rail is made higher than 
the inner, so that the reaction 
of the rails is not vertical but 
has the direction of the resultant of the centrifugal force 
and the weight of the train. 

42. When a body turns about a fixed axis, each 
point in i^. describes a circumference in a plane perpen- 
dicular to the axis of rota- 
tion, having a radius equal 
to the distance of the point 
from the axis (Fig. 128). 

If the rotatory motion is 
uniform, every point de- 
scribes an arc, whose length 
is proportional to the tinie, 
and its velocity is thus 
measured by the length of 
the arc described in one 
second. 
As all the points of the same body describe an entire 
circumference in the same time, and as the circum- 
ferences of all circles are proportional to their radii, it 
is evident that the velocities of the points of the same 
rotating body change at different points, and are in- 
versely proportional to the distance from the axis. 
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Thna, at the Burface of the earth the velocity ia greatest 
at the eqnator, ftud diminishes as we advance towards 
the poles, BO that at each pole it is nothing, since 
these points tnm on themeelves withont displacement. 

If the earth were at rest it would be a sphere differ- 
ing onl; from a perfect sphere by the inequalities of its 
RUrface, which are exceedingly small compared with 
its size. The motion ronnd its axis causes the land at 
the equator to bulge out, whilst the poles are flattened. 

This effect may be illnetrated by means of the appa- 
ratus represented by Fig. 129, 




The instrument consists of two circles turned about 
a vertical axis by a multiplying wheel turned by the 
hand. 

In proportion as the velocity of rotation increases, 
the diameter extends in a direction perpendicular to the 
axis, and diminishes in the direction of the axis. 
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43. To the yariation of the centrifugal force and 
to the spheroidal shape of the earth is due the yariation 
in the force of gravity. 

Let pp' represent the 
axis (Fig. 130). eb' the 
eqnator ; let a be the posi*^ 
tion of a certain place on 
■- the globe. Take a line a o 
in the direction of the radius 
to represent the attraction 
of the earth, and a line a b 
perpendicular to the axis 
to represent the centrifugal 
force. The diagonal a d of the parallelogram on these 
lines will represent the resultant. This line will there- 
fore hare the direction of the plumb-line at a. When 
the point a is at the equator, the centrifugal force is 
greatest, and then is directly opposed to the resultant 
attraction of the earth. As a mores towards the pole 
a b diminishes, and makes a smaller angle with the 
radius. From both these causes, supposing the force 
A c to remain the same, the resultant a d is increased. 
At the pole the force a b vanishes and the resultant 
force is then a maximum. 

From another cause the force of gravity decreases as 
we pass from the pole towards the equator. The polar 
diameter is, as we have said, shorter than the equatorial, 
the first being 7,926 and the second 7,899 miles, and 
the attracting mass is therefore nearer to a body at the 
pole than at the equator. 

44. The centrifugal force generated in a body made 
to describe a circle is utilised in various ways, a 
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striking example being afforded by the goyemor of a 
steam engine (Fig. 131). xx' is a rod which revolves 




Fig. 131. 

with all that is attached to it when the engine is in 
action ; the bar c c' and the arc d d' are fixed to the axis, 
but the ring m through which the axis passes is capable 
of moving up and down on it. 

This ring is connected with a valve which 
regulates the supply of steam to the cylinder. The 
valve is open when m occupies its lowest position, and 
closes as m rises. When the engine is at rest the 
weight of the balls b b' brings them close to the axis, 
but when the machinery is in action a centrifugal force is 
developed, which causes them to rise until the resultant 
of this force and the weight acts in the direction of the 
rod m. As the balls rise the ring m is lifted and the 
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supply of steam is lessened, and this is the case so long 
as the speed of the engine increases. If the machine 
moves more slowly the balls fall and the yalve opens. 
The engine therefore regulates itself. 



Exercises. 

1. A railway carriage weighing 5 tons passes round a curve 
the radins of which is 260 yards ; when the carriage is moving 
at the rate of 20 miles an hour, what is the ontward pressnre on 
the rails ? — Ans. 400 lbs. nearly. 

2. What onght to be the difference of level of the two rails to 
bring the whole pressnre perpendicular to the plane of the rails, 
the distance between them being 57 inches ? — Ans. 2^ inches. 

3. A weight of 3 lbs. is attached by a string, 3 feet long, to a 

point in a smooth horizontal table, and made to revolve round 

the point five times in 3 seconds ; find the tension of the string. — 

100 »« 
Ans, ' , 

9 

4. Find the force towards the centre required to make a body 

weighing 2 lbs. move uniformly in a circle whose radius is 5 ft., 
with such a velocity as to complete a revolution in 5 seconds. — 

Ans. — — . 
5sf 

5. A stone of 1 lb. weight is whirled round horizontally by a 
string 44ft. long, having one end fixed ; find the time of revolu- 

ir\/2 

tion when the tension of the string is 9 lbs. — Ans. . 

9 

6. A body weighing P lbs. is at one end of a string, and a body 
weighing Q lbs. at the other ; the system is in motion on a smooth 
horizontal table, P and Q describing circles with uniform velo- 
cities ; determine the position of the point in the string which 
does not move. — Ans. The C. G. of P and Q. 

7. A string 2 feet long can just support a weight of 16*1 lbs. 
without breaking ; one end of the string is fixed to a point on a 
smooth horizontal table ; a weight of 4 lbs. is fiEustened to the 
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other end aind describes a circle with imiform velocity round the 
fixed point as centre : determine the greatest velocity which can 
be given to the weight so as not to break the string. — Ans, 
16-1 ft. 

8. A governor revolves once a second, the length of the rods 
which are jointed at a point G in the axis being 2 ft.; find the angle 
which they make with the vertical. — Ans. 66° (sin = •9135). 

9. Let the angular velocity be increased by 1-1 0th of its 
amount ; find the corresponding change in the angle. — Ant. 5° 
nearly (sin = *9455). 



VL—MOMENTUM. 

45. We haye already shown that if p be a pressure 
producing the motion of a mass m, and if / be the 
velocity generated in a unit of time, then by taking a 
suitable unit of mass the relation of these quantities is 
expressed by the equation p =/m. 

The product of the mass into the velocity at any 
instant is termed the momentum at that instant. 

Hence, when the acceleration is uniform, /m is the 
momentum at the end of the first second, and also the 
increase of momentum for every second. The above 
equation states that the momentum generated in a unit 
of time is proportional to the force. 

The momentum bears the same relation to the moving 
force that the velocity does to the acceleration; the 
momentum varies with the time, and the moving force 
is the increase of momentum for a second of time. 

46. When a moving body produces the motion of 
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another body, the greater the momentum of the fir 
the greater the momentum generated in the second. 
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As an iUastration, refer to the machine for driying 
piles, represented in Fig. 132. The block of iron a is 
raised to the top of the frame o c, and allowed to fall. 
It might lie on the head of the pile b for an indefinite^ 
length of time without producing any effect, but a 
momentum is generated in the fall which is destroyed 
in an exceedingly short time by the resistance of the 
pile. On the one hand we see that the greater the 
mass A, and the greater the height from which it falls, 
the greater is the effect, and on the other hand the 
greater the resistance of the pile the shorter the time 
during which it is overcome by the momentum of a. 

Whenever the resistance to be overcome is great, the 
action of the force must be limited to a proportionately 
short time. 

When a hammer is made to fall on the head oVs, 
nail the momentum of the hammer at the instant of 
contact is spent in overcoming the cohesion of the 
particles of the wood. With a given momentum the 
shorter the duration of the shock the greater the 
effect of the force in overcoming this resistance. Sup- 
pose that the board is not firmly supported so that it 
yields under the blow (Fig. 133), the duration of the 
shock is prolonged, the resistance which may be over- 
come is lessened, and consequently the nail drives 
badly. It enters much better, however, if we place 
behind the plank some solid body which diminishes the 
recoil of the board. 

47, We have considered hitherto forces which act 
for an appreciable time, but we now see that there may 
be forces which act for a very brief period, and yet in 
this short time produce or destroy a great momentum. 
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Fig. 188 





Fig. 134. 



These are termed impulsive forces. An impulsive force 
is one which produces a finite change of motion in an 
indefinitely short time. 

It is evident that such forces cannot be measured by 
the momentum generated in a unit of time ; they are 
estimated by the whole momentum generated. Suppose, 
for example, that a blow given to a cricket ball of 

weight w drives it from the bat with a velocity t?, then 

w 
the momentum v x — is the measure of the force. 

9 
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It iDUBt be remarked that the momeiitDtn of the 
bodj depends on the mats and not on the weight ; a 
given masB of lead moving mth a giren velocity nould 
strike the same blow in England as in India, although 
the acceleration dne to gravity, and therefore the 
weight wonld not he the same in the two places. 

48. The momentum of a moving mass at any instant 
ie Bometimes called the aceamulated force. We have 
seen that a small force acting for some time may 
generate a momentum which if expended in a very 
short interval will overcome a lai^e resistance. This 
principle is employed frequently in machinery. The 
inatmmeut represented in Fig. 135, for stamping coins 
and medals is an example. A rapid motion is im- 
parted to the weights a a', which drives the die b on to 
the coin, when the accumulated momentum is destroyed 
in a brief interval by the resistance enconntered. 
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Tlie Vly-wheel. 



49. The fly-wbeel is an important contrivance for 
accnmnl&tiug and equalising farce. (Fig- 136.) It 
freqnentlj happens that the nork of a steam engine 




Fig 136 

is only wanted at certain intervals, and it is always 
the case that the force exerted by the piston is alter- 
nately stronger and weaker, and Tonishes altogether at 
certain parts of the revolution. The momentum gene- 
rated in the immense mass which forms the fly-wheel 
when the force is strongest, or when the resistance is 
weakest, carries the machinery past the points where 
the force is weakest or resistance strongest, and rednces 
the variations of speed within narrow limits. 
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Work. 

50. The working power or efficacy of a machine or 
other agent is estimated hj comparing it withi the work 
required to raise a certain weight a certain height. 
The unit of work is the work expended in moving a 
weight of 1 lb. through a space of 1 foot. This unit 
is sometimes termed the foot-pound. The .working 
power of a machine is measured bj the number of 
units of work yielded iu a given time. If, for example, 
the work is equivalent to the moving of a weight w 
through a space s, the work expended = ws. 

. Suppose the weight w to fall from a height s, there is 
accumulated in it ws units of work. Now if v be the 

V 

velocity at the end of the fall v* = 2gs or a = — 

W 

— hence the work accumulated is — - i;*. Whenever a 

body of weight w is moving with velocity v, there will 

W 

be accumulated in it ,7-v* units of work ; for the num^ 

^9 
ber of units accumulated is independent of the direction 

of the velocity, and if we suppose the body moving 

vertically upwards, it would ascend to a height 

s = --, and must, therefore, have accumulated in it 
2g' 

WV» 

w s or -T — units of work. 

^9 
Example, A train is moving at the rate of 80 ft. 

per second when the steam is cut off, if the friction be 
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■^^ of the weight, find how long and how far the 
train will move. 

WV* 450W 
The number of units of work accumulated is — — = 

^9 9 

Let X be the number ^ of feet required, then 

W 450 W 



X 



300 



135000 .c.c^. 

and X = = 4218 ft. 

9 

The retarding force due to friction = -^ ; hence, since 

oOO 

30 X 300 ^^,, 
t; =ft, t = = 281 J sees. 



Exercises. 

1. A sliot weighing 30 lbs. is fired from a gun weighing 3 tons, 
and leaves the gun with a velocity of 1,500 ft. per second ; find 
the velocity of the gun's recoil. — Ans. 6'7 ft. 

2. If a ball weighing 4 lbs. be thrown on a horizontal plane 
with a velocity of 100 fb. per second, and the friction between the 
ball and plane be ^rd the weight ; find the distance to which the 
ball will go. — Ans. 46*6 ft. nearly. 

3. If a man were laid on a perfectly smooth table, how might 
he get off? 

4. A weight W of 12 lbs. on a rongh table is attached to a 
thread which passes over the edge of the table, and sustains a 
weight of 3 lbs. ; when the latter has descended through 5 ft. the 
thread breaks^ and W moves through 4 ft. more and comes to 
rest ; what is the coefficient of friction ? — Ans. \. 
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VII.— IMPACT. 
Direct Impact* 

51. Suppose a body a to impinge directly on a body 
B, it is a matter of observation that after impact they 
will be separated, a moving slower than before and b 
quicker ; A will have lost momentum and b will have 
gained momentum. Now momenta lost and gained 
are what are termed in Newton's law (§ 35) action and 
reaction, and these he ascertained by numerous experi- 
ments to be equal. Hence the momentum lost during 
impact by one body is equal to that gained by the 
other. 

The nature of the action during impact may be thus 
described. When A overtakes b, so long as a moves 
faster than b, the surfaces will be compressed, and the 
compression will cease when the velocities are rendered 
equal ; if the action stops then, the bodies are said to be 
inelastic. Let v^ and Vj be the velocities of a and b 
before impact, and v their common velocity after 
impact. 

The momentum lost by a ^ avi — a v, 

the momentum gained by b = b v — b Vj ; 

therefore av^ — a v = b v — b Vj ; 

_ __ A«?i + Bt?2 

and V = — -:^ — 

A + B 

If the velocities be not in the same direction one must 
be considered negative. 

Generally, however, another force comes into play 
when the velocities are equal, and the bodies begin at 
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that instant to recover their figure and to exert one 
upon the other a pressure which lasts until impact 
ceases. Thus a not only loses momentum during 
compression, but also during expansion. Let m^ be 
the momentum lost by a and gained by b during com- 
pression, and Mg that lost by a and gained by b during 
expansion, it is found by experiment that the ratio 

— is constant for the same materials. This ratio, 

M, 

usually denoted by e, is termed the modulus of 
elasticity. 

A body is inelastic when e = ; 

perfectly elastic when e = 1 ; 
imperfectly elastic when e is between and 1» 
Suppose now a and b to be the masses of the two 
elastic bodies, 

Let Vi Vi be the velocities before impact 

Vi Va „ „ after „ 

We have already seen that the velocity at the end of 
compression is 

A + B 
and therefore the momentum lost by a up to that 
instant 

. Ai^ -f B»2 _ AB(t;i — ^a) 

"" ^""^ ~ ^ ' A + B "" A + B 
Therefore the momentum lost during expansion 

AB (vi — V2) 
-' A+ B 
The whole momentum lost by a and gained by b is> 
<1 + g) ' A • B • (vi — Va) 
A + B 
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Bat the momentam lost by a is 

Ar, — A Vi 

and that gained by b is 

BVj — . Bv,. 

(1 + e)'A'B'(v, — v,) 



Hence Av^ — AVi =' 



A + B 



and BV, - B., = (^ ^ e) ' A'B'^(v,^v, ) 



Vj = Vj + 



A + B 

A ♦ (1 + e)'(vi — vQ 

A + B 



Oblique Impact. 

52. When the direction of motion is not in the line 
of centres, the impact is said to be oblique. In such 
cases we may resolve Vi and Vs into velocities Vi' Vi'j 
and v^ V2', respectively, along and perpendicular to the 
line of centres, then Vi" and v^" will remain unchanged 
by the impact, and Vi vi will be changed into v/ and 
V2', as if the impact had been direct and the velocities 
v^ vi'. The resultant velocities may now be found by 
compounding r/' and Vj', and vi' and Vg'. 

Example, An imperfectly elastic body impinges 
obliquely on a smooth fixed plane, determine the motion 
after impact. 

Let the velocity before be v, and the velocity after 
impact t/. Let the direction before impact make an 
angle a with the normal to the plane, and the direction 
after impact an angle j3. Resolve these velocities 
in directions parallel and perpendicular to the plane. 
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The components of v are v sin a and v cos a, and 
those of t/ are t;' sin /J and t/ cos /J. The reaction of 
fche plane does not affect the velocity parallel with it, 
hence t; sin a = t/ sin /3. (i.) 

Let m = the mass of the body, and let m = the 
momentum lost by the body during compression in the 
direction of the normal. Since the plane is fixed, the 
momentum of the body in this direction at the end of 
compression is zero, and therefore 

m V cos a — m := o 
Let e = the modulus of elasticity, then the momen- 
tum generated during restitution 

= — CM = — em V cos o. 
But this we have already seen to be 

m X v' cos /? 
thus v' cos /? = — ev cos o (ii.) 

By dividing i. by ii. we obtain 

cot /? = — e cot o (iii.) 

which determines the direction after impact. 
By squaring i. and ii., and adding, we have 
f/* = V* (sin *a + e* cos *a) 
which determines the magnitude of the velocity. 

EXEBCISES. 

1. An inelastic body moving with Telocity v impinges on an- 
other of twice its mass at rest ; find the velocity after impact. — 
Ans. y V. 

2. The weights of A and B are 6 lbs. and 10 lbs., and they 
move in the same direction with velocities of 8 ft. and 6 ft. per 
second ; required their velocities alter impact, 1st, When the 
bodies are inelastic ; 2nd, When they are perfectly elastic ; 3rd, 
When the force of elasticity is -^rd force of compression. — Ans. 
(1) 6-75 ft.5 (2) 5-5 and 7-5 ft.; (8) 6-38 and 7 ft. 
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3. A and B weigh 12 lbs. and 7 lbs. respectively, and move in 
the same direction with velocities of 8 ft. and 5 ft. in a second ; 
find the common velocity after impact ; also the velocity lost by 
A, and that gained by B respectively. — Ans. 6^ J, lyV> 1t5- 

4. A and B are perfectly elastic, and A, with a velocity of 20 ft. 
per second, strikes B at rest ; find their velocities after impsict, 
1st, When A = B ; 2nd, When A = 4B.— ^tw. and 20 ft. ; 
12 and 32 ft 

5. The weights of A and B are 3 lbs. and 5 lbs. and their 
velocities are 7 ft. and 9 ft. per second, in opposite directions ; 
required their velocities after impact, in the same cases as in the 
first example.— ^n«. (1) —.3ft.; (2) — 13 and + 3 ft. ; (3) 
— - 6-33 and — 1 ft. 

6. A, moving with a velocity of 11 ft., impinges tipon B, 
moving in the opposite direction with a velocity of 5 ft., and by 
the collision A loses one-third* of its momentum: what are the 
relative magnitudes of A and B ? — Ans. 87, 11. 

7. A, weighing 8 lbs., impinges upon B, weighing 5 lbs., and 
moving in A's direction with a velocity of 9 ft. in 1 second ; by 
collision, B's velocity is trebled; what was A's velocity before 
impact ? — Ans. 38 J ft. 

8. A is equal to 3B, and impinges upon B at rest ; A*s velocity 
after impact is Jrds of its velocity before impact ; required the 
value of e, which measures the elasticity. — Ans. y. 

9. Find the elasticity of two bodies, A and B, and their pro- 
portion to each other ; so that, when A impinges upon B at rest, 
A may remain at rest after impact, and B move on with ^th of 
A's velocity before impact. — Ans. « = ^ J B = 6 A. 

10. At what angle must a body, whose elasticity is |, be 
incident on a plane, that the angle between the directions before 
and after impact maybe a right angle ? — Ans. 30^. 
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53. When a body acted on by forces tending to a 
Jixed point is projected in any direction not passing 
through that point, it will move in a curve sittiated in one 
plane ; and the radius from the point will describe area* 
proportional to the times. 

Let A be the point of projec- 
tion, and let A B = the velocity 
ofprojection(Fig.l87). Tlien, 
if no force were to act on the 
body la one unit of time it would 
pass through a b, and in the 
next through an equal space 
B/in the same straight line. 
Suppose that the central force 
acting alone wonld carry the 
body through a space b k 
towards the centre e In a nnit of 
time. When the body arrires 
at B suppose it to receive a 
sudden impulse towards s, which, acting alone, would 
carry it through b A in a unit of time. Complete the 
parallelogram b/cA and join sc, Bf, then a will be the 
position of the body when it moves for a unit of time, 
under the action of the original velocity and the impul- 
sive force. Since c/is parallel to sb, 

AscB = A s/b = A SB A. 

In like manner itog = the Telocity at c, and ck = 

the space which would be passed through in a nnit of 

time if the attracting force acted alone, the body will 

move to D in the next unit of time, and the 

A BDC = A s^c = ^ sen = A bda. 




Fig. 137, 
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Suppose the unit of time to be diminished (and there- 
fore the number of units increased) indefinitely, the 
areas described in these units will still be equal to one 
another. Also the .polygon a b c d will become a curve, 
and the attracting force will be continuous. 

The radii will describe equal areas in equal times, 
and therefore in dififerent times the areas will be pro- 
portional to the times. 

54. If a body move in a plain curve j so that the radius 
drawn to a fixed point describes areas proportional to 
the timey it is acted on by a central force tending to that 
point. 

Let B, c, D be points on the curve, and s the fixed 
point. Let a line a b be drawn in the direction of the 
velocity at b, and take a b, b/ equal to the lengths 
which would be described by the body in successive 
units of time with the velocity at b if no forces acted on 
it. Then a b =s b/ and a a b s = a/b s. 

Now imagine the body to be deflected from the 
straight line B/by an impulsive force at b, which would 
carry it, in the given unit of time, to a point c, such 
that Acbs = aabs. By the parallelogram of velo- 
cities, /c must be parallel to the direction of this 
impulse. But since the triangles bob, s/b on the 
same base are equal, therefore /c is parallel to b s ; 
hence the impulse must tend towards s. Similarly, if 
the body be made to describe the polygonal path bod 
by impulses at c, d, &c., all the impulses must tend 
towards s. 

If the number of sides be increased indefinitely, and 
the length of each diminished, the polygon will co- 
incide with the curve, and the series of impulses become 
a continuous force whicA tends alwavs to the centre. 
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55. The velocity at any point d is inversely as the 
perpendicular s y drawn from s to the tangent d y. 

Let V = the velocity at d, < = the time of describ- 
ing c D, A = the area described in a unit of time, p = 
the perpendicular s y. 

Then cd = »^, ASDC==^|t?^Xj9; and also, 

A S DC = A ^ 

.'.At = ^ V tp, 

2a 
and V = — . 

P 
In this equation a is constant, and consequently the 
velocity varies inversely as the perpendicular on the 
tangent. 

56. That the path may be a circle, of which s is the 
centre, the velocity must be constant ; for in this case 

p B= the radius, and is constant. 

57. From astronomical observations, it appears that 
all the primary planets describe ellipses, having the 
sun in their common focus, and that the radii describe 
areas proportional to the times (Kepler's Second Law). 
It follows, therefore, that the primary planets are con- 
stantly acted on by forces tending towards the sun. 

58. If a body describe an ellipse under the action of 
a force tending to the focus, the intensity of the force 
varies inversely as the square of the distance. 

Let A B c D be the path, and let d be the position of 
the body at a given instant (Fig. 137). 

Suppose a circle described through the point d, and 
through two other points near to it. When these 
points are indefinitely near to d, the circle is called in 
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geometry the circle of curvature, and for an indefinitely 
small arc coincides with the curve ; hence the curve 
and the circle have the same tangent and normal at d.* 
Let p = the radius of curvature, let v = the 
velocity, and / the normal acceleration at d, then 

\ 9 

Let F he the acceleration along d s, and let <p be the 

angle between ds and the normal at d. Resolve f 

along the tangent and normal, and equate the latter 

component to/ 

ya 

.'. F cos = /*= — 

Now let s Y == /), and s d = r, 

., SY p 

then -— - = 1- = cos 

S D r ^ 

also V = — 

P 



* We shall have occasion to use the following geometrical 
facts, which the student will find demonstrated in any work on 
Conic Sections. They must be remembered here as properties 
of the curves described. 

In an ellipse — 

I r 

1. The perpendicular on the tangent from the focus = 6 / — 

V T 

2. The perpendicular on the tangent from the centre = 



y/ rr* 

8. The radius of curvature = — r- 

a 

These forms are precisely the same for a hyperbola. 

In a parabola, of which 4 a is the latus rectum, p = «y a r 



= '-(t) 



S 
7 
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Substitating fur v and cos ^ in the above equation, 
we have 

4A«r 



F = 



P\ 



This equation is true, whatever may be the character 
of the curve Sescribed. 

Let the curve be an ellipse, of which a and h are the 
major and minor semi- diameters, and let s d = r and 
the distance of d from the other focus = r'. 

Then it is proved in analytical geometry that 



s 



p = h / -7 and p = ■^— -^ 
V r ao 

By substituting these values of p and p, in the 
general equation, we obtain 

It is usual to write ju. for the constant part of this 

4aA» , 
term ; thus — let u == — 75 — then 



F = ^ 

Til • 1 

or F vanes as — r 

59. From this proposition it follows that the 
attracting forces which make the planets describe 
ellipses having the sun in their common focus (Kep- 
ler's First Law) are inversely as the squares of the 
distances of the planets from the sun. 

60. A body describes an ellipse under the action of a 
central force in a focus ; to find the time of one revolution. 

Let A == the area described by the radius in a unit 
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of time, and let t = the time of one revolution, then 

area of ellipse 
A 
But the area of an ellipse = irahj and since 

. , h /fji 2^a* 
2v a v^ 

61. Deductions from Kepler^ 8 Third Law, 

If we consider the motion of two planets about the 

sun, the periodic times of which are respectively t and 

t', we have 

T. = 1:1^ and r* = 14^' 

therefore P : T^ : : - : -. 

A* /* 
Now, it is a matter of observation y embodied in 

what is known as Kepler's Third Law, that the 
squares of the periodic times are proportional to 
the cubes of the semi-major axes of the orbits, or that 
T« : t'« : : a» : a'K On comparing this proportion 
with the above, we see that fj, == /x'. Hence the con- 
stant denoted by ^ is the same for all the planets, and 
the attracting force of the sun does not depend on the 
mass of the planet attracted, but simply on its distance 
from the sun. 

62. If the path of a body be an ellipse, anA the 
centre of force be the centre, then p varies directly as the 
distance. 

The perpendicular from the centre on the tangent at 
any point in the ellipse, distant r r' from the foci is 
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ah 



proved in analytical geometry to be , 

is/ rr 

When substitated in the general equation 

F = — 5 — this gives 
P 9 

F = 

in which r is the only variable. 

63. We may show in like manner that if the path 

be a parabola and force in the focus F oc --j by substi- 



1 



tuting in the general equation p = 2 a [ - J and 

p = s/ cr. 

The values of p and p in the case of a hyperbola 
take the same form as in the ellipse ; hence in this case 

also Fa -z 
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MATRICULATION. 

1. State the relation between the power and weight on a smooth 
inclined plane when the power acts parallel to the plane. What 
power sustains a man standing on a slope ? ($ 88.) 

2. Define the centre of gravity of a body. A uniform rod, 
three feet long, which weighs 3 lbs., has a 1 lb. weight hnng 
from one end by a string one foot long : find the centre of gravity 
of the whole, and show where the rod mnst be supported in 
order that the whole may balance. ($ 54. The rod most be 
supported 18 ^ inches from one end, and when it is horizontal 
the C. G. wiU be 3 in. below this point.) 

3. A cord without weight or friction passing round a single 
fixed pulley has a weight of 1,000 grains attached to one of its 
extremities, and one of 2,000 grains to the other : when left free, 
how far will this latter extremity have descended in two seconds ? 

Ans. / = I .-. s = - ^. 

4. Let A B and A C represent in direction 

and magnitude two equal forces acting at A, B 

the angle between their directions being 50°. 
Draw a line which shall represent in direc- 
tion and magnitude a force which will be in 
equilibrium with these forces ; and state the ^ q 

angle which its direction will make with A B. 

5. Explain why a man who has to carry a heavy box in one 
hand must throw his body on one side. (| 66.) 
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If the force of grayity, instead of acting vertically, were to 
act horizontally from east to west, would this afifect the position 
within a body of its centre of gravity ? ($ 53.) 

6. What is the ratio between the power and the weight in a 
screw which has ten threads to the inch, and is moved by k 
power acting perpendicnlai'ly to an arm at a distance of one foot 
from the centre ? — Ans. xtttt* 

7. How far will a body fall from rest in fonr seconds ? With 
what velocity mnst a' ball be thrown vertically upward, in order 
to retnm to the hand after fonr seconds ? — Ans, 8 g, or 257*6 ft., 
and 2 g, or 64*4 ft. 

8. A weight, W, is suspended from a movable pnlley C, A 
and B being two fixed pnlleys. When the system is at rest, what 
are the forces which keep the point C in equilibrium ? and why 
is it necessary that the two weights W' should be equal to one 
another? (§§18,19.) 

9. Two men, A and B, carry a weight of 200 lbs. on a pole 
between them. If the men be 5 feet apart, and the weight slung 
at a distance of 2 feet from A, what part of the weight will he 
bear, neglecting the weight of the pole ? — Ans, 120 lbs. 

10. Explain why a plxmib-line will not remain at rest except in 
one position. (§ 54.) 

11. An arrow is shot vertically upward with a velocity of 100 
feet in a second when it leaves the bow. How long will it be 
before it reaches the ground again ? — Ans. 200 -r- g, or 6^ sees. 

12. If another arrow, half the weight of the former, be shot 
with the same force vertically upward, how long will it be before 
it reaches the ground again P Point out where you apply any of 
the laws of motion in answering this question. 

(The moving force varies as the mass and as the velocity 
generated ; hence, if the force remain the same, and the mass be 
doubled, the velocity will be diminished by one half, and there, 
fore the time will be lessened in the same proportion.) 

13. If a man has to raise a weight and has only one pulley at 
his disposal, show how he must apply it in order to obtain the 
utmost advantage. — Ans, Fig. 77, with parallel cords. 

14. Two forces, not parallel, represented in magnitude and 
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direction by A F and D Q act at the extremity of a leTer A B< 
Exhibit by means of a diagram the moments of these two forces 
round the fnlcrom O, and state what condition will be satisfied 
when there is equilibrium (Fig. 60). 

15. Show, from the property of the Centre of Gravity, that in 
a common balance it makes no difference in what part of the 
scale-pan the weight is put, whether in the centre or at the 
edge ($ 54). 

16. A man who weighs 160 lbs. wishing to raise a rock, leans 
with his whole weight on one end of a horizontal crowbar 5 ft. 
long, which is propped at the distance of 4 in. from the end in 
contact with the rock ; what force does he exert on the rock, 
and what pressure has the prop to sustain? — Atis. 2,400 lbs. 
2,560 lbs. 

17. A solid cube of wood rests by one of its sides upon an 
inclined plane in such a manner that the upper and lower edges 
of its base are horizontal. The inclination of the plane can be 
increased, and it is so rough that the cube will topple over before 
it will slide; find at what inclinatioD this will take place 
(Fig. 49).— ^n». 45°. 

18. How does it appear that the force of gravity acts on all 
substances alike ? (p. 155.) 

19. A person inside clings to the roof of a railway carriage 
which then rushes horizontally over the edge of a precipice ; what 
change, if any, in his motion wUl result if he lets go his hold ? 
Give a reason for your reply. 

20. A plummet, the string being held in the hand, is immersed 
in a current of water, and the string ultimately settles in a slant- 
ing position ; explain by a diagram the nature and action of the 
forces which determine the position of the string. — Ans. The 
force of the current is horizontal, the weight vertical, and- their 
resultant has the direction of the string. 

21. How would you find the C. G. of a straight, but not 
uniform rod ? ($ 53.) 

22. A straight lever, 6 ft. long and heavier towards one end, is 
found to balance on a fiilcrum 2 ft. from the heavier end ; but 
when placed on a fulcrum at the middle, it requires a weight of 
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a 

3 lbs. liTmg at the lighter end to keep it horizontal ; what is the 
weight of the lever ? — Ans. 9 lbs. 

23. Enunciate the Seoond Law of Motion. A ball is projected 
in a horizontal direction from a rifle placed 1,000 ft. above the 
level of the sea. Find the elevation of the ball two seconds after 
the discharge, neglecting the resistance of the air. — Ans, 1,000 
— 2g; or, 935-6 ft. 

24. Exhibit, by means of a diagram of which the constmction 
is to be explained, the method of finding the resnltant of the 
forces represented by the lines in Figure 24, the forces all acting 
at the point H, and lying in the plane of the paper. 

25. Find the Centre of Gravity of a system consisting of two 
spheres, 8 oz. and 24 oz. in weight, connected by a rigid rod 
without weight, the distance between the centres of the spheres 
being 1 foot. — Ans, 9 in. from the smaller weight. 

26. Mention some of the most important applications of the 
screw. 

27. State the Third Law of Motion, and give a numerical 
application of it. 

Explain the " kick " of a gun. (§ § 33, 35.) 

28. A boat is moored in a stream by two ropes, fixed to posts, 
one on each bank, and inclined to the direction of the cun*ent at 
angles of 30° and 45°. Draw a figure from measuring which the 
proportion may be found between the strains on the two ropes. 

29. A weight is to be raised by means of a rope passing round 
a horizontal cylinder 10 inches in diameter, turned by a winch 
with an arm 2^ ft. long. Find the greatest weight which a man 
could so raise without exerting a pressure of more than 50 lbs. 
on the handle of the winch. — Ans, A little less than 150 lbs. 

30. Define the C. G. of a body. A triangular board is hung 
by a string attached to one comer. What point in the opposite 
side will be in a line with the string ? (§ 56.) 

31. When a body in motion is left wholly to itself, not being 
influenced by gravity or any other external force, what is the 
nature of the motion of translation of the body ? Give some 
evidence from observation or experiment of the truth of your 
statement. (§§ 2, 3, 4.) 
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32. Explain by reference to a diagram why a stone only falls 
16 ft. during the first second, while yet the force of gravity 
generates in that time the velocity of 32 ft. per second. (Fig. 
114.) 

33. Sketch a system of pulleys, one fixed and two movable, in 
which one end of the string passing round each pulley is attached 
to the weight, and find the relation of the power to the weight 
in equilibrinm. (Fig. 81.) 

34. A stone after falling for one second strikes a pane of glass, 
in breaking through which it loses half its velocity. How &r 
will it fall in the next second P — Ans. g, or 32*2 ft. 

35. It is required to substitute for a given vertical force, two 
forces, one horizontal, the other inclined at an angle of 46° to the 
vertical : determine the magnitudes of these two forces. — Ans, If 
P s= the given force, the first = P, the second i^2'P. 

36. How can the true weight of a body be determined by 
means of a balance with unequal arms ? (§ 77.) 

37. A body falling with a uniformly accelerated motion, passes 
through 10 ft. in the first two seconds after starting : how far 
will it be from the starting-point at the end of the third second ? 
—Ans. 22 li ft. 

38. Show how to find the resultant of two forces, A and B, 
which act upon a given point in directions that make an angle a 
with each other, the force A acting towards a given point, and 
the force B away from it. (§ 25.) 

39. Six smooth vertical posts are fixed in the ground at equal 
intervals round the circumference of a circle, and a cord, without 
weight, is passed twice round them all in a horizontal plane, and 
pulled tight with a force of 100 lbs. IlHnd the magnitude and 
direction of the resultant pressure on each post. — Ans, 200 lbs. 
towards the centre. 

40. A straight lever 20 inches long weighs 15 oz. Where 
must the fulcrum be placed in order that the lever may be in 
equilibrixmi when a weight of 16 oz. is hung at one end, and a 
weight of 9 oz. at the other ? — Ans. S\ in. from the 16 oz. 

41. What is the pressure on the fulcrum when the lever is in 
equilibrium ? — Ans. 40 lbs. 
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42. Draw a fonr-sided figure with unequal sides, and describe 
(1) a geometrical, and (2) an experimental method of finding its 
C. G. ($ 67.) 

43. A piece of uniform paper in the form of a regular hexagon 
has one of the equilateral triangles obtained by joining the centre 
to two consecutive angular points cut out. Determine the position 
of the C. G. of the remainder of the paper. (§ 68.) 

44. A heavy particle is dropped from a given point, and after 
it has fallen for one second another particle is dropped from the 
same point. What is the distance between the two particles 
when the first has been moving during five seconds ? —Ans. 144 ft. 

45. A balloon has been ascending vertically at a unifom rate 
for 4'5 seconds, and a stone let fall from it reaches the ground in 

7 seconds ; find the velocity of the balloon, and the height from 
which the stone is let fall. — Ans. If S = the height, and Y the 

• 

velocity, then S = V x 4'5 ; also, S = J ^ 7*; hence, V = 5*4 
X gr, and S = 22'5 g. 

46. In a system of one fixed and four movable pulleys, in 
which one end of each string is fixed to a beam, find the relation 
between the power and the weight (neglecting the weight of the 
pulleys) when one of the strings is nailed to the pulley round 
which it passes. 

What is the force exerted on the beam to which the strings 
are attached ? — Ans. When the string is nailed to one pulley, 
that pulley becomes nothing more than a link, and the system, 
when used for raising the weight, is reduced to three movable 
pulleys, hence P = J W. 

47. Two uniform cylinders of the same material, one of them 

8 in. long and 2 in. in diameter, the other 6 in. long and 3 in. in 
diameter, are joined together, end to end, so that their axes are 
in the same straight line ; find the centre of gravity of the com- 
bination. — Ans. 5|f in. from the base of the shorter. 

48. If two forces acting on a point are represented in magni- 
tude and direction by two sides of a triangle, under what circum- 
stances will the third side correctly represent their resultant ? 
Forces of 20 and 10 act along the sides AB and B C respectively 
of a equilateral triangle ; find the magnitude of their resultant. 
($ 25.) 
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49. Distingnisli between Statical and Dynamical measures of 
force ; how are they related to one another ? (p. 177.) 

First B.Sc. 

fl 

1. Explain how a force may be represented by a straight line. 
Ennnciate the Parallelogram of Forces. Assuming its tmth 

for the direction, prove the proposition for the magnitude of the 
resultant. ($ 23.) 

If any three forces be given, can they always be applied at a 
point so as to balance each other P 

2. Define the Centre of Gravity of a system of bodies. 

Find the centre of gravity of a triangle. If a heavy point, 
whose weight is equal to that of the triangle, be placed at one 
angular point of the triangle, find the centre of gravity of the 
system. ($ 57.) 

3. Enunciate the Third Law of Motion, and explain how fax 
its tmth is founded on e:q>eriment. 

Define Velocity and Moving Force. 

4. If a particle moving in a straight line with uniform accele- 
ration / start with an initial velocity Y, prove that the space 
passed over in any time tias = Yt+if^. 

II f be negative, determine how far the particle will move be- 
fore it comes to rest. (p. 147.) 

5. Show that all the elements of forces may be represented by 
straight lines ; and enunciate the Parallelogram of Forces. ($ 14.) 

Two forces whose magnitudes are as 3 to 4 act on a point in 
directions at right angles, and produce a resultant of 2 lbs. ; find 
the forces. — Ans. 1'2 and 1'6 lbs. 

6. In a system of pulleys in which the same string passes 
round all the pulleys, and the parts of it between the pulleys are 
parallel, show that there is equilibrium when the power is to the 
weight as unity is to the number of strings at the lower block. 
(§ 87.) 

A man supports a weight equal to half his own weight by such 
a system of pulleys, of which the upper block is attached to the 
ceiling. If there be seven strings at the lower block, find his 
pressure on the floor on which he stands. — Ans. yf of his weight. 
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7. Define the centre of gravity of a body ; and show that a 
heavy body has one centre of gravity, and only one. ($$ 55, 42.) 

A square is divided into four eqnal squares by straight lines 
drawn parallel to its sides. If one of the four squares be 
removed, find the centre of gravity of the remaining figure. ($ 58.) 

8. YHien a particle is projected with a given velocity a in a 
direction contrary to that in which a force / acts, find its velocity 
V after describing a given space 8. (p. 156.) 

9. Show that if a particle be projected in any direction not 
vertical, and acted on by gravity, it will describe a parabola, 
(p. 167.) 

10. Enunciate the Parallelogram of Forces. Assuming that it 
is true for forces F and Q acting at a certain angle, show that 
it is true for forces P and 2 Q acting at the same angle. 
(I 22, 3rd.) 

11. In a system of pulleys in which each pulley hangs by a 
separate string, and the strings are parallel, show that there is 
equilibrium when PistoWaslisto2'* where n is the number 
of movable pulleys, the weight of each pulley being neglected. 
(Fig. 78.) 

12. If there are three pulleys in such a system, and the weight 
of each is w, show that P — if» is to W — to as 1 is to 8. 

13. Show how to find the centre . of gravity of a body when it 
is made up of two parts and the centre of gravity of each part is 
faiown. A, B, C are three heavy particles in known positions. 
Having given the centre of gravity of the three particles, find the 
centre of gravity of any two of them.- (Fig. 43.) 

14. Determine the motion of a particle projected dovm a 
smooth inclined plane. 

Show that the times of descent down all chords of a circle, 
measured from the highest point, are the same. (p. 183.) 

15. Determine the straight line down which a particle must 
move in order to pass in the least time from, a given point to a 
given straight line. (p. 184.) 

16. Derive from the parallelogram of forces the conditions of 
equilibrium of three parallel forces applied to astraighl rod. 
(§ 39.) 
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17. Find tlie ratio between the power and the weight in the 
case of the screw, and state some of the most nsefnl applications 
of this power. (§91.) 

18. The two boxes in Attwood's machine are so adjusted that 
one contains 8^ oz. and the other 2i oz. How long will tho 
lieavier take to fidl 1ft.? Also what will be the tension of the 

/12 1 

string dnring the motion ? — Ans. J — or -:- V C sees. ; ten- 

^/ g 4 

sion, = 2 J^z. 

19. A man in the act of being weighed in a balance of the ordi- 
nary kind, poshes with a walking-stick the beam of the balance 
at a point A between the point of suspension, S, of the scale in 
which he is, and the fulcrum F. What effect, if any, will be 
produced on his apparent weight P If the scale in which the man 
is be kept from moving laterally by a horizontal string attached 
to a fixed point, what will be the effect ? — Ans. The reaction of the 
point A may be resolved into horizontal and vertical components. 
The former is counteracted by the vertical reaction of the point 
of suspension S, the latter pushes out the scale, thus calling into 
play a horizontal reaction at S. Thus, although the weight of the 
arm and its appendages remains the same, the distance of its 
C. G. from F is greater ; hence the moment about F is greater, 
and the scale descends. If thd normal component be coimteracted 
by the tension of a string, the equilibrium will not be disturbed. , 

20. When there is equilibrium in that system of pulleys in 
which one end of the string passing round each pulley is attached 
to a fixed support, and the system is displaced, show that the 
power is to the weight as the space through which the weight is 
lifted is to the space through which the power is moved, the 
weights of the pulleys being neglected, (p. 117.) 

21. A parallelogram is divided along a diagonal ; and one half 
remaining fixed, the other half is lifted, reversed, and applied to 
the former half along the same diagonal. Find the distance 
between the C. G. of the quadrilateral figure thus formed and of 
the original parallelogram. — Atis. l-3rd of the distance between 

m 

the centre and the perpendicular from the opposite angle. 

22. Define the mass of a body ; and describe an experiment 

Q 
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which shows the luasscs of bodies are proportional to their 
weights, giving folly the steps of the argament. (p. 175.) 

23. An equilateral triangle is placed with one side vertical ; 

and two eqnal masses, connected by a slack inelastic string which 

passes without friction over the npper comer, are allowed to fall 

from the npper angle, the first down the slant side, the second 

down the vertical side. What start in time most be given to the 

first mass that when the string is pulled tight the masses may 

destroy each other's velocity ? — Ans. Since the masses are equal 

the velocities must be equal in order that the momenta may be 

destroyed when the string becomes tight ; hence the two masses 

must then be in the same horizontal line. Let h » the vertical, 

and I « the inclined space passed through, then the acceleration 

h 
down ^ = <7, and that down I ^ g-j » hence the time down 

V 

h = / — , and the time down Z « ' / — — . Let L = the 
V g ^ gh 

length of the string « 7i + 2 • since the angle between Ji and I 

is 60°, therefore I = 27i, hence 7i = — L. The difference of the 

3 

times is therefore —75 — • 

s/6g 

24. A uniform equilateral triangle ABC has a sphere of the 
same weight as the triangle attached to it, so that the centre of 
the sphere is at the angular point C of the triangle. If the whole 
be suspended from the middle point of A C, find the inclination 
of the sides of the triangle to the string. — Aris. A G and A B at 
80°, and B Cat 90°. 

23. A horse walking by the side of a canal is to draw a boat 
along the canal by means of a horizontal rope attached to the 
boat near the bow. Hoint out the position in which the rudder 
must be placed in order that the boat may move parallel to the 
bank : and show in a diagram all the forces acting upon the boat 
when in motion. — Ans, Besolve the tension of the cord into two 
parts, one in the direction of the axis of the boat and the other 
perpendicular to it. The latter tends to turn the bow towards the 
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land, and iina tendency will be counteracted by the pressure on 
the mdder if the mdder be tamed &om the land. 

26. To each end of a nniform straight rod, A B, 100 inches long, 
and weighing 12 lbs., is fastened one end of a flexible string 
A C B, 140 inches long, to which a weight of 9 lbs. is attached 
at a point C, 60 inches from one end. In what position will the 
rod remain in equilibrium about a pivot through the middle ? 
and where must the pivot be placed in order that the rod may 
be balanced when horizontal? — Ans. The ratio of the sides 
3:4:5 shows that the L> ^s 90°. Let M be the middle of 
A B, and N the foot of the perpendicular from C. From the 
proportion NA : AC :: AO : ABwe obtain AN = 36 ; and 
therefore M N = 14, N C = 48. When M is the point of sus- 
pension M C is vertical, and the rod makes angle A M C, which 

Udatermined by the ratio ^ = g (f^). with the vertical. 

When the rod is horizontal the point of suspension must be the 
centre of the forces, 9 lbs. at N and 12 at M, that is, at a point 
6 inches from M. 

27. A man sitting upon a board suspended from a single 
movable pulley, pulls downwards at one end of a rope which- 
passes under the movable pulley and over a pulley fixed to a beam 
overhead, the other end of the ropo being fixed to the same 
beam ; what is the smallest proportion of his whole weight with 
which the man must puU in order to raise himself? — Arts. A 
little more than one-third. 

28. With what force would he require to pull upwards if the 
rc^e, before coming to his hand, passed under a pulley fixed to 
the ground, as well as round the other two pulleys ? — Ans, A 
little more than his own weight. 

29. The last carriage of a railway train gets loose whilst the 
train is running at the rate of 30 miles an hour up an incline of 
1 in 150. Supposing the effect of friction upon the motion of 
the carriage to be equivalent to a uniformly retarding force equal 
*o shi of the weight of the carriage ; find — (I.) the length of 
time during which the carriage will continue running up the 
incline, and (II.) the velocity with which it will be running 
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down after the lapse of twice this interval &om the instant of 
its getting loose. — Ans. The acceleration due to friction (§32) 

ra s= — -—^ — = — -^ • and that dne to gravity 

m 300 w 300 • b j 

g 
Hence their snm is — ^jrr 

The equations of motion are — 

s = Yt- 4 ^^t' (I.); ^» - v« -2 j^ s (11.) 

50 V« 
At the end of the motion v = o, and then firom H. S = 

therefore from I. = Vt — i T7^^^ 

g lUU 



or 



.•-(T)-(^)--° 



The square root of this gives — 

100 V 

t= 

9 

Since V == 30 miles an hour, or 44 ft. per sec., and gr = 32 

.*. t = 137-5 sees. 

g 9 9 

In descending the acceleration = ^Ta — "ono ~ W) 

and.the velocity in t sees. r= 

; ^ m- '''■' ^ So - '*'■ 

30. How is the energy of a moving body estimated P Through 
what distance must a force equal to the weight of ^ lb. act upon 
a mass of 48*3 lbs. in order to increase its velocity from 24 ft. to 
36 ft. per second?— ^n«. 1080. 

Second B.A. and Second B.Sc. 

1. Prove the truth of the Parallelogram of Forces for the 
direction of the resultant. (§ 22.) 

The directions of two forces acting at a point ore inclined to 
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eacb other (1) at aii angle of 60°, (2) nt an angle of 120° ; and the 

respectiye resnltants are in the ratio ^7 : >/ 3. Compare the 
magnitndes of the forces. — Ans. 2:1. (§ 95.) 

2. Define the Centre of Gravity of a body or system, and find 
that of three weights placed at the angular points of a triangle, 
(1) when the weights are equal, and (2) when they are unequal. 
(§ 58, 43.) 

In either case, i£ h,Jc,l he the distances of the weights from 
the opposite sides of the triangle, and x, y, z the respective 
distances from the same sides of the centre of gravity, prove 
that 

X y z - 

T + T + T = ^• 
h k I 

8. Find the relation between the power and the weight when 
there is equilibrium in the system of pulleys in which each hangs 
by a separate string, neglecting the weights of the pulleys. 
(§ 86.) 

If the power be drawn downwards at a given rate, at what 
rate will the weight ascend ? (§ 94.) 

4. Explain what is meant by Uniform Acceleration ; and if a 
point move from rest with a constant acceleration/, prove that 
the space described in a time * is 4 ft^. (§ 15.) 

A heavy particle is placed on a smooth inclined plane and 
allowed to slide down ; determine its motion, stating the laws of 
motion assumed in the investigation. (§ 37.) 

5. Prove that a heavy particle projected in vacuo in a direction 
not vertical will describe a parabola. (§ 24.) 

A ball is projected in a direction inclined at an angle of 30° to 
the horizon, and with the velocity which it would have acquired 
in falling from rest through a space of 100 yards ; find the 
greatest height attained by the ball. — Ans. 75 ft. (§ 26.) 

6. A body describes an orbit round a fixed centre of force ; 
state the relation between the time and the area swept over by 
the radius vector. (§ 53.) 

Will this relation be affected by any sudden change in the law 
of force ? 
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Wliat is the law of force when the orbit is aoi ellipse and the 
centre of force is at one of the foci ? 

7. Define the resultant of two forces ; and explain why forces 
may be represented by straight lines. ($ 14.) 

Enunciate the Parallelogram of Forces ; and, assuming it for 
the direction, prove it for the magnitude of the resultant, 
(f 28.) 

What is the resultant of two equal forces inclined to each other 
at an angle of 120° ? (Fig. 14.) 

8. Find the centre of gravity (1) of the' area, (2) of the peri- 
meter of a triangle. ($$ 57, 50.) 

Three equal rods are jointed together so as to form an equi- 
lateral triangle ABC. If D, E be the middle points of the rods 
A B, A C, prove that the distance between the centres of gravity 
of the portions D A E, E C B D of the rods is j|ths of the altitude 
of the triangle. 

9. Describe the construction and action of a screw ; and find 
the relation between the power and the weight when there is 
equilibrium. 

10. Explain how acceleration is measured; and state the 
amount of the acceleration due to the action of gravity. 

11. A heavy body is let fall from rest m vacuo ; how far does 
it fall in the first, second, and fifth seconds respectively ? 

12. A body is projected vertically upward with a velocity of 
89 ft. per second ; in what time will it attain a height of 149 ft. ? 
— Arts, Never; the greatest height is 123ft. 

18. Define a Central Force ; and explain, in general terms, 
how a particle acted upon by a central force describes a curvi- 
linear orbit. 

Of what nature are the orbits described by the planets about 
the sun P and what is the relation between their periodic times 
and mean distances ? ($ $ 53, 61.) 

14. A B C D is a square ; a force of 1 lb. acts along the side 
A B from A to B ; a force of 1 lb. acts along the side A D from 
A to D ; and a force of 2 lbs. acts along the side C B from C to 
B ; determine the magnitude and position of the resultant of the 
three forces. — Ans. >/ 2 at C parallel to D B. 
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1 5. Define the oentro of gravity of a body, or a system of bodies. 

Show how to find the position of the centre of gravity of a 
system of heavy particles. 

Weights are placed at the comers of a triangle, each weight 
being proportional to the length of the opposite side ; show that 
the centre of gravity of the weights is situated at the centre of 
the circle inscribed in the triangle. ($ 59.) 

] 6. Enunciate the First and Second Laws of Motion. 

17. A particle describes a circle nnder the influence of a force 
always tending to the centre of a circle ; show that the velocity 
of the particle is constant ; and find the relation between the 
force, the velocity, and the radius of the circle. ($ 56 and 17.) 

18. On what experimental facts do you consider statics to be 
founded ? Deduce &om these the Parallelogram of Forces. 

19. Three forces act on a point F within a triangle, and are 
proportional to the distances of F from the angular points, and 
act directly from these points ; find the position of F when those 
forces are in eqxiilibrium. — Ans. The C. G. of the triangle. 

20. Show that if two forces acting on a lever which con turn 
freely about a fixed point be in equilibrium, the moments of the 
forces about the fixed point are equal. (Two cases : 1st, when 
the forces meet; 2nd, when parallel. H ^6> ^70 

21. Two weights, W and W, are carried on a pole which rests 
on the shoulders of two men, A and B, of equal height. The 
weight W rests at a point G, such that AC : C B : : 3:2; and 
W at a point D, such that AD: D B : : 5 : 2 ; find the propor- 
tion of the weights borne by the two men. 

^7w. A, I W + I W; B, i W + i W. 

6 7 7 7 

22. Define the centre of gravity of a 'solid body. Find the 
centre of gravity of a uniform triangle. 

A particle whose weight is equal to that of the triangle is 
attached to one of the angular points, and the whole system is 
suspended by a string from a fixed point. To what point of the 
triangle should the string be attached that the triangle may rest 
with its plane horizontal ? — Ans, Midway between the 0. G. 
and the particle. 
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23. Find the time of descent from rest down a plane of 
given length inclined at a given angle to the horizon. — Ans, 

t- /_iL 

V gBUia 

24. A particle slides from rest down any diameter of a ver- 
tical circle. Show that the velocity acquired in the descent 
varies inversely as the time of descent. (§§ 38, 39.) 

25. A particle is projected in vacuo in a given direction with 
a given velocity. Find the range on a horizontal plane through 
the point of projection. (§ 28.) 

26. Two particles P and Q are projected at the same instant 
from the same point, one with velocity V at an angle of 60^ to 

V 

the horizon, and the other with velocity -r^ at an angle of 30°. 

Will they ever hit each other ? — Ans, The condition that the 
equations y = x tan a — i flrt* and y == x tan o' — 4 gt^ are 
satisfied, for the same value of x, y, and t, is that tan a = tan a ; 
but this is not the case with the given data. 

27. If the earth be supposed to describe an elliptic orbit of 

eccentricity-—- about the sun considered as a point, compare 
60 

the velocities of the earth when nearest to and farthest from the 

sun ; also compare the angular velocities of the earth at the same 

points ai^ seen from the sun. — Ans, — : — 

28. If three forces acting on a particle be represented in mag- 
nitude and way of action by the sides of a triangle taken in order, 
show that they will keep the particle in equilibrium. 

29. Find the 0. G. of a cone. From a given cone a cone of 
half the height is cut off by a plane section parallel to the base. 

Find the C. G of the remaining segment. — Ans. — h from the 

56 

base. 

30. Find the conditions of equilibrium on the wheel and axle. 

31. Find the time of fidling from rest down a chord of a circle 
drawn from the highest point. Find the straight line of quickest 
descent from a given point to a given plane. 
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32. A particle moves under tbe influence of any number of 
forces which are invariable in magnitude and direction. Show 
that the particle must move either in a straight line or in a 
parabola. Find the time in which a projectile reaches its 
greatest height, and the greatest height. (§§ 26, 28.) 

33. When a body moves under the action of a central force, the 
areas described by the radius to the centre of force are in one 
plane and are proportional to the times of describing them. 
(§ 63.) 

34. If three forces, acting in one plane on a body, be in equi- 
librium, prove that their lines of action are either parallel or 
meet in a point. State also all the other conditions necessary 
for equilibrium. 

33. A heavy equilateral triangle is placed with its plane 
vertical, and one side resting on a rough inclined plane ; the co- 
efficient of firiction being »J^ ; what is the greatest inclination 
of the plane to the horizon that the triangle may neither slide 
down the plane nor roll over an angular point ? — Ans. 60°. 

36. Define the G. G. of a body. Show that the G. G. of any 
triangle is the same as that of three equal particles placed one at 
each angular point. ($ 58.) 

37. Define Uniform Acceleration. A particle moves with a 
uniform acceleration /. If V be the velocity at any instant, show 
that the space described in time t after that instant is V t+ i/t^. 
How is it shown that the acceleration due to gravity is uniform ? 
(§ 15.) 

38. A particle slides down a smooth inclined plane under the 
action of gravity. If the particle start from rest, find the time 
of describing a given space. 

39. A B is the vertical diameter of a circle whose plane is 
vertical ; F Q is a diameter inclined to A B at an angle ; find 0, 
that the time of falling down P Q may be twice that of falling 
down A B. (The formulsB are S = 4 sr <* and S =* J gr cos d t'^) 
— Ans, cos 6 = J. 

40. A particle is projected from a given point in vacuo under 
the action of gravity. From any point P a tangent P T is drawn 
to touch the path in T, and a vertical line P Q is drawn to cut 
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the path in Q. If Y be the Telocity of the particle at T, prove 
tliat y^ « 2-- (p. 168). 

41. If a particle describe an orbit abont a centre of force, prove 
that the velocitj at any point is inversely proportional to the 
perpendicular from the centre of force on the tangent at that 
point. (§55.) 
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The object of this Treatise is to simplify the method of 
teaching Chemistry by deferring symbolical notation, and 
theoretical considerations nntil the student has acquired a 
knowledge of the facts which symbols represent and on 
which theories are founded. The rational nomenclature 
partly used in late works on Chemistry, is systematically 
employed in this book. To familiarise students with 
chemical reactions and their results, questions are appended 
to each chapter, and answers are given to all those which 
require calculation, and which amount to about 300. At 
the end of the second part, where symbols and theories are 
considered, about 60 questions as examples are given, some 
of which are fully worked out. A chapter containing Advice 
to Candidates under examination is added, and the book is 
completed by the matriculation questions on Chemistry, of 
the London University, from January, 1865, to January, 
1869, inclusive. The answers to all questions involving 
calculation are given, and the method of working them 
fully explained. 

This Book is adopted as Text-Book at University College* 

Ijondon. 

[For Critical Notices see next pageJ] 



CRITICAL NOTICES 

ON 

ME. BAEFFS INTRODUCTION TO SCIENTmC 

GEEUISTBT. 

''Tliis volume is an excelleint introduction to the science of 
Chemistry. The arrangement is satisfactory, the illustrative 
experiments are clearly described, and the explanations of chemical 
changes are lucid. The work is evidently the result of consider- 
able practice in teaching the science of which the author writes." 
— AthencBum. 

" Mr. Barff 's * Introduction * will be of the greatest value to 
schools, and is a mosc serviceable contribution to chemical litera- 
ture. The modesty and simplicity of its purpose, its freedom &om 
theoretical partialities, and (what is not unimportant) its moderate 
price, will ensure it a deserved and hearty commendation." — 
Philosophical Magazi/ne. 

"It is impossible to read this book without a conviction of 
its marked superiority. The conciseness and lucidity with 
which each point is handled give to it the freshness of original 
stady, and the reader is disposed to regret that in his younger 
days he was possessed of no such handbook on this difficult 
science, with which to quicken his awakening aspirations. Mr. 
Barff* s book is a complete success in the art of driving away the 
weariness of first attempts." — Exa/miner cmd London Review. 

" This is the first volume of an educational series of elementary 
treatises about to be issued for students. The student who knows 
Mr. Barff 's book in the way it is intended to be known will have 
a solid ground-word of chemical knowledge on which he may safely 
rear the more speculative branches of the science. For the pur- 
poses of clear Instruction for preparing for the earlier examina- 
tions, and last, though not least, for cheapness and excellence, we 
heartily recommend Mr. Barff 's work to the notice of students." 
— Lancet. 

" Mr. Barff has succeeded in the by no means easy task of pro- 
paring a book on a scientific subject in a thoroughly elementary 
manner. It requires that a man should be well ekilled in his 
subject if he essay to write for a beginner, and the volume before 
us shows its author to be a coniplete master of his science. The 
publishers deserve the highest praise for the * get up * of the book 
at a price which makes it the cheapest work of the kind obtainable." 
— Medical Times and Qazette. 
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" The author is quite up to the latest practice in a science in 
which there is always something new to be stated." — Publishers' 
Circula/r, 

" It is a rare thing to find a scientific book written in a simple 
and scientific manner. Scientific men seem to imagine that their 
work is finished when they have detailed a number of isolated 
fSELcts. For educational purposes this is not sufficient; there must 
be connection, logical treatment, parallels must be drawn, and the 
reason and judgment of the student exercised. In the work we 
have before us this object has been attained. Mr. Barfi* has 
>nitten a good school book. It is an introduction to the sci&nce 
ci Chemistry, and is calculated to give the student a solid founda- 
tion on which to raise a solid superstructure."-^ — Inquirer, 

" A very lucid exposition of the elementary principles of 
Chemistry. The book is intended principally to assist students 
preparing for their matriculation examinations at the universities, 
and may be adopted with advantage as a school book generally, 
supplying in an easy and intelligible form that rudimentary know- 
ledge of chemical science which is now universally considered a 
necessary branch of education." — Morning Star. 

" This manual cannot but prove most useful wherever it is 
introduced." — City Press. 

" It cannot fail to be highly appreciated, not only by aspirants 
to medical honours, but by all students and scholars. The book 
is calculated to ground the student in the elements of chemistry." 
Medical Mirror. 

" Deserves praise on the score of deamess." — Standa/rd. 

" The student who wishes to gain a sound knowledge of Scien- 
tific Chemistry will find in this book all that he requires. Mr. 
Barff has solved the problem whether Chemistry can be made a 
true means of mental training. His work treats with clearness 
and precision all those knotty points of his subject which are 
wont to puzzle the young student. Furnished with this work, no 
student need now have any difficulty in obtaining a satisfactory 
acquaintance with the leading principles of the interesting branch 
of science of which they treat." — Unitarian Herald. 

** The class for whom it is intended will find it one of the best 
guides to a perfect knowledge of the science to be found in the 
English language. The value of using this treatise in preference 
to others will be found to be exceedingly great, from the circum- 
stance that it is based upon, and henceforUi will form part of^the 
system adopted for examination in the London University. 
Perhaps its greatest merit is that it will teach young men to 
think, and to pursue the study of Chemistry carefully, closely, 
and connectedly." — Catholic Ojpinion. 
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It is impossible not to regard it as a most ezceptional and 
meritorions performance. The author has from the outset the 
advantage of being intelligible. The writer has achieved a 
decided success. Its plain and forcible style, the directness of 
its teaching, and its large employment of the catechetical method 
would have in any case ensured it a welcome reception. But its 
peculiar value consists in the simple and concrete system on 
which it proceeds." — Nation. 

" The book is admirably adapted for the purposes for which it 
was written ; the style is simple, and the important reactions are 
referred to so frequently that the student cannot forget thenu 
Mr. Barff appears to be very practical in his ideas. These 
features will render the book of great value to medical students, 
to whom we strongly recommend it." — British Medical Jov/maZ. 

" Mr. Barff 's book may be said to contain all the corrections 
that recent discoveries have necessitated. The aim of the author 
is to lead the student step by step to a thorough and rational 
acquaintance with the secrets of the laboratory. The hints to 
candidates at the end of the book are good, and we heartily 
recommend this book to all students." — Tablet, 

" This is one of the very best books of the kind we have ever 
seen. The lad who could not learn Chemistry with positive 
pleasure through the means of Mr. Barff' s book could not learn 
it at all. The book is admirably suited for schools." — Freemam,*8 
Jowmal. 

" Mr. Barff *s * Chemistry' we have no doubt, will be hailed by- 
all whose interest it is to teach chemistry in a scientific manner. 
Experience of the difficulties of teaching is required to write a 
book for learners, and every page of this work bears the mark of 
the teacher's hand. This book, with a course of good lectures, 
will be invaluable to the real student." — The Month. 

" The author has apparently exhausted his subject in this work. 
Nothing has escaped him, and in the end we have a thorough 
mastering of the wonderful science, so simply described as to be 
inteUigible to every mind anxious and able to learn." — Croydon 
CJvronicU. 

** The great change that has taken place in theoretical Chemistry- 
has created a necessity for new text-books, and Mr. Barff has ably 
supplied a want urgently felt in all good schools. Certainly, no 
elementary work on Chemistry teaches so much in so simple a 
way." — Student. 

GROOMBRIDGE & SONS, 5, PATERNOSTER ROW, 

LONDON. 



